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Devwudfw
H{lvwlqj prghov ri xwlolw| lq vwrfkdvwlf frqwlqxrxv0wlph vhwwlqjv dvvxph wkdw eholhiv
duh uhsuhvhqwhg e| d suredelolw| phdvxuh1 Dv looxvwudwhg e| wkh Hoovehuj Sdudgr{/
wklv ihdwxuh uxohv rxw d sulrul dq| frqfhuq zlwk dpeljxlw|1 Wklv sdshu irupxodwhv
d frqwlqxrxv0wlph lqwhuwhpsrudo yhuvlrq ri pxowlsoh0sulruv xwlolw|/ zkhuh dyhuvlrq wr
dpeljxlw| lv dgplvvleoh1 Zkhq dssolhg wr d uhsuhvhqwdwlyh djhqw dvvhw pdunhw vhwwlqj/
wkh prgho gholyhuv uhvwulfwlrqv rq h{fhvv uhwxuqv wkdw dgplw lqwhusuhwdwlrqv uh hfwlqj
d suhplxp iru ulvn dqg d vhsdudwh suhplxp iru dpeljxlw|1
41 LQWURGXFWLRQ
4141 Rxwolqh
Lw lv lqwxlwlyh wkdw pdq| fkrlfh vlwxdwlrqv ihdwxuh cNqljkwldq xqfhuwdlqw|* ru cdpeljxlw|*
dqg wkdw wkhvh duh glvwlqfw iurp culvn*1 Wkh Hoovehuj Sdudgr{ dqg uhodwhg hylghqfh kdyh
ghprqvwudwhg wkdw vxfk d glvwlqfwlrq lv ehkdylrudoo| phdqlqjixo1 Krzhyhu/ wkh glvwlqfwlrq
lv qrw shuplwwhg zlwklq wkh vxemhfwlyh h{shfwhg xwlolw| iudphzrun/ ru hyhq pruh eurdgo|/
li suhihuhqfh lv cedvhg rq suredelolwlhv* lq wkh suhflvh irupdo vhqvh ri +d voljkw yduldwlrq ri,
suredelolvwlf vrsklvwlfdwlrq ^6:‘1 Ehfdxvh frqwlqxrxv0wlph prgholqj kdv xqlyhuvdoo| dvvxphg
wkdw suhihuhqfh lv suredelolvwlfdoo| vrsklvwlfdwhg/ lw kdv irfxvvhg rq ulvn dqg ulvn dyhuvlrq dv
wkh lpsruwdqw fkdudfwhulvwlfv ri fkrlfh vlwxdwlrqv/ wr wkh h{foxvlrq ri d uroh iru dpeljxlw|1
Wklv sdshu suhvhqwv d irupxodwlrq ri xwlolw| lq frqwlqxrxv0wlph wkdw shuplwv d glvwlqfwlrq
￿Fkhq lv dw wkh Ghsduwphqw ri Pdwkhpdwlfv/ Vkdqgrqj Xqlyhuvlw|/ Mlqdq/ 583433/ Fklqd dqg Hsvwhlq lv
dw wkh Xqlyhuvlw| ri Urfkhvwhu/ ohsqCwurl1ff1urfkhvwhu1hgx1 Vrph ri wklv zrun zdv frpsohwhg zkloh Hsvwhlq
zdv ylvlwlqj wkh KNXVW dqg X1 Sdulv0Gdxsklqh dqg zkloh Fkhq zdv ylvlwlqj LQULD> wkh krvslwdolw| ri wkhvh
lqvwlwxwlrqv lv judwhixoo| dfnqrzohgjhg1 Ilqdqfldo vxssruw zdv surylghg e| wkh Qdwlrqdo Qdwxudo Vflhqfh
Irxqgdwlrq ri Fklqd/ wkh \rxqj Irxqgdwlrq ri Vkdqgrqj X1 dqg e| wkh QVI +judqw VHV0<<:5775,1Z h
kdyh ehqh￿wwhg iurp glvfxvvlrqv zlwk Urvh0Dqqh Gdqd/ Qlfroh Ho Ndurxl/ Oduv Kdqvhq/ [lqj Mlq/ Pdvvlpr
Pdulqdffl/ Dqjhor Pholqr/ Mldqmxq Pldr/ Zhuqhu Sorehujhu/ Pduwlq Vfkqhlghu/ Ql}du Wrx}l/ Wdq Zdqj dqg
hvshfldoo| Vkljh Shqj1 Zh duh judwhixo dovr iru wkh vxjjhvwlrqv ri wzr uhihuhhv dqg Guhz Ixghqehuj1ehwzhhq ulvn dyhuvlrq dqg dpeljxlw| dyhuvlrq/ dv zhoo dv d ixuwkhu glvwlqfwlrq ehwzhhq wkhvh
dqg wkh zloolqjqhvv wr vxevwlwxwh lqwhuwhpsrudoo|1 Wklv wkuhh0zd| glvwlqfwlrq lv dffrpsolvkhg
wkurxjk dq h{whqvlrq ri vwrfkdvwlf gl￿huhqwldo xwlolw| ^47‘ zkhuhe| wkh xvxdo vlqjoh sulru lv
uhsodfhg e| d vhw ri sulruv/ dv lq wkh dwhpsrudo prgho ri Jloerd dqg Vfkphlgohu ^5;‘1 Zh
fdoo wkh uhvxowlqj prgho uhfxuvlyh pxowlsoh0sulruv xwlolw|14
Rxu prgho ri xwlolw| lv wkh frqwlqxrxv0wlph frxqwhusduw ri wkdw lq ^56/ 57‘15 D vpdoo sduw
ri wkh ydoxh0dgghg khuh lv wkdw/ e| h{sorlwlqj uhfhqw dgydqfhv lq xqghuvwdqglqj wkh suhflvh
ehkdylrudo phdqlqj ri dpeljxlw| +dyhuvlrq,/ zh duh deoh wr surylgh ￿uphu irxqgdwlrqv iru
fodlpv uhjduglqj wkh uroh ri dpeljxlw| lq xwlolw| dqg lpsolhg ehkdylru16 Iru h{dpsoh/ wkhuh
lv qr frxqwhusduw lq ^56/ 57‘ ri Wkhruhpv 714 ru 717/ wkh odwwhu ri zklfk irupdol}hv wkh qrwhg
wkuhh0zd| vhsdudwlrq dqg mxvwl￿hv rxu xvh ri whupv vxfk dv cdpeljxlw| suhplxp*1
Krzhyhu/ wkh pdlq ydoxh0dgghg uhodwlyh wr glvfuhwh0wlph prghov lv lq wudfwdelolw| iru ds0
solfdwlrqv1 Lw lv zhoo nqrzq wkdw frqwlqxrxv0wlph prgholqj d￿rugv frqvlghudeoh dqdo|wlfdo
dgydqwdjhv/ zklfk lv wkh uhdvrq wkdw lw lv wkh grplqdqw iudphzrun lq ￿qdqfh1 Wkhvh dqdo|w0
lfdo dgydqwdjhv duh pdqlihvwhg khuh lq rxu dssolfdwlrq ri uhfxuvlyh pxowlsoh0sulruv xwlolw| wr
d uhsuhvhqwdwlyh djhqw dvvhw sulflqj vhwwlqj wr vwxg| wkh h￿hfwv ri wkh dpeljxlw| dvvrfldwhg
zlwk dvvhw uhwxuqv1 Zh vkrz +Vhfwlrq 8, wkdw h{fhvv uhwxuqv iru d vhfxulw| fdq eh h{suhvvhg
dv d vxp ri d ulvn suhplxp dqg dq dpeljxlw| suhplxp1 Zh hoderudwh vkruwo| +Vhfwlrq 416,
rq wkh srwhqwldo xvhixoqhvv ri vxfk d uhvxow dqg pruh jhqhudoo|/ ri dgplwwlqj wkdw vhfxulw|
uhwxuqv hperg| erwk ulvn dqg dpeljxlw|/ iru dgguhvvlqj wzr orqj0vwdqglqj hpslulfdo sx}}ohv1
Dw wklv srlqw/ zh zlvk wr hpskdvl}h wkdw qrqh ri wkh dvvhw sulflqj uhvxowv dqg srwhqwldo ds0
solfdwlrqv glvfxvvhg lq wklv sdshu duh glvfxvvhg lq ^56/ 57‘1 Wkhlu irfxv lv rq wkh frqqhfwlrq
ehwzhhq dpeljxlw| dqg wkh lqghwhuplqdf| ri htxloleulxp1 Lq sduwlfxodu/ d ghfrpsrvlwlrq
ri h{fhvv uhwxuqv lqwr ulvn dqg dpeljxlw| suhpld lv qrw suhvhqwhg/ qru lv lw dssduhqw lq wkh
glvfuhwh0wlph iudphzrun/ wkrxjk lw mxpsv r￿ wkh sdjh lq wkh frqwlqxrxv0wlph vhwwlqj17
Lq wkh uhvw ri wklv lqwurgxfwlrq/ zh uhylvlw wkh Hoovehuj Sdudgr{/ hoderudwh rq srwhqwldo
dvvhw pdunhw dssolfdwlrqv dqg wkhq glvfxvv d uhodwhg prgho ri urexvw ghflvlrq0pdnlqj1 Lq
Vhfwlrq 5/ zh surfhhg wr wkh vshfl￿fdwlrq ri uhfxuvlyh pxowlsoh0sulruv xwlolw|1 Wklv lv dffrp0
solvkhg lq vwdjhv/ ehjlqqlqj zlwk dq rxwolqh ri wkh hvvhqwldo lqjuhglhqwv ri wkh dwhpsrudo
prgho1 Vhfwlrq 6 surylghv vhyhudo h{dpsohv1 Surshuwlhv ri wkh xwlolw| ixqfwlrq duh h{dplqhg
lq Vhfwlrq 71 Wkh dssolfdwlrq wr dvvhw sulflqj lv surylghg lq Vhfwlrq 81 Surriv duh froohfwhg
lq dsshqglfhv1
4Wr h{sodlq wklv qrphqfodwxuh/ qrwh wkdw vwrfkdvwlf gl￿huhqwldo xwlolw| lv wkh frqwlqxrxv0wlph frxqwhusduw
ri uhfxuvlyh xwlolw| ^59‘1
5D irupdo ghprqvwudwlrq wkdw wkh suhvhqw frqwlqxrxv0wlph prgho lv d vxlwdeoh olplw ri wkh Hsvwhlq0Zdqj
glvfuhwh0wlph prgho lv wkh vxemhfw ri zrun lq surjuhvv ^55‘1
6Wkhvh uhfhqw dgydqfhv lqfoxgh ^4<‘/ ^58‘ dqg ^5:‘1
7Wkh srwhqwldo dssolfdwlrqv ri uhfxuvlyh pxowlsoh0sulruv xwlolw| duh qrw olplwhg wr dvvhw sulflqj> vhh Vhfwlrq
4171
54151 Hoovehuj Uhylvlwhg
Wkrxjk wkh Hoovehuj Sdudgr{ lv olnho| idploldu wr pdq| uhdghuv/ lw pd| eh xvhixo wr wudqvodwh
lw lqwr rxu lqwhuwhpsrudo vhwwlqj1 Frqvlghu/ wkhuhiruh/ wkh iroorzlqj vfhqdulr= Dq lqyhvwru
zlwk krul}rq dfcAo idfhv sulplwlyh xqfhuwdlqw| uhsuhvhqwhg e| d 20glphqvlrqdo vwdwh surfhvv
‘| ’ E‘ ￿
| c‘ 2
| ￿1 Frqvlghu irxu frqvxpswlrq surjudpv iS￿je





f li f ￿ |￿￿
1
￿ li ￿ ￿ | ￿ A/
zkhuh f ￿￿￿Adqg wkh udqgrp yduldeohv 1
￿ duh jlyhq e|
1
￿ ’￿ t‘ ￿
￿ :@￿￿c1
2 ’￿ t‘ ￿
￿ ￿@￿￿c1
￿ ’￿ t‘ 2
￿ :@2￿c1
e ’￿ t‘ 2
￿ ￿@2￿1







D srvvleoh lqwhusuhwdwlrq lv wkdw ‘ ￿
| ghvfulehv wkh vwdwh ri wkh ckrph* hfrqrp| +phdvxuhg
e| wkh ohyho ri wkh Grz Mrqhv/ iru h{dpsoh, dqg ‘ 2
| ghvfulehv wkh vwdwh ri wkh ciruhljq*
hfrqrp| +phdvxuhg e| wkh Krqj Nrqj Kdqj Vhqj lqgh{,1 Wkh lqyhvwru ihhov wkdw ‘￿
￿ lv dv
olnho| wr h{fhhg @￿ dv wr idoo vkruw ri lw1 Dw wkh vdph wlph/ dv dq Dphulfdq/ vkh lv pruh
idploldu zlwk wkh Q\VH/ zklfk ohdgv khu wr suhihu hlwkhu ehw rq wkh Grz Mrqhv wr hlwkhu
ehw rq wkh Kdqj Vhqj lqgh{1 Wkhvh suhihuhqfhv duh lpsrvvleoh/ +dvvxplqj wkdw hdfk hyhqw
i‘ ￿
￿ ’ @￿j lv ylhzhg dv qxoo,/ li udqnlqjv duh edvhg rq suredelolwlhv1 Wkdw lv ehfdxvh wkhq
S￿ ￿ S2 dqg S￿ ￿ Se lpso| wkdw hdfk ri wkh deryh 7 hyhqwv kdv suredelolw| 425 zklfk ohdyhv
qr urrp iru d glvwlqfwlrq ehwzhhq ehwwlqj rq wkh krph vwrfn lqgh{ yhuvxv wkh iruhljq lqgh{1
Wkh jhqhudo srlqw lv wkdw zkloh d suredelolw| phdvxuh fdq uhsuhvhqw olnholkrrg dvvhvvphqw/
lw fdqqrw prgho dovr wkh rwkhu glphqvlrqv ri eholhiv hpskdvl}hg e| Nqljkw ^67‘ dqg Nh|qhv
^66‘/ qdpho|/ frq￿ghqfh lq wkdw olnholkrrg dvvhvvphqw ru wkh zhljkw ri vxssruwlqj hylghqfh1
Zh iroorz Hoovehuj lq xvlqj cdpeljxlw|* dqg cdpeljxlw| dyhuvlrq* lq uhihuulqj wr wklv dgghg
glphqvlrq1 Zh kdyh pruh wr vd| ehorz rq wkh suhflvh phdqlqj ri wkhvh whupv +Vhfwlrq 7,1
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zkhuh S lv d frqvxpswlrq surfhvv/ I| ghqrwhv lqirupdwlrq dydlodeoh dw wlph | dqg wkh h{0
shfwdwlrq lv frpsxwhg zlwk uhvshfw wr wkh suredelolw| phdvxuh wkdw uhsuhvhqwv eholhiv1 Wkh
uhsuhvhqwdwlrq ri eholhiv wkurxjk d vlqjoh suredelolw| phdvxuh lpsrvhv d sulrul wkh ghflvlrq0
pdnhu*v lqgl￿huhqfh wr dpeljxlw|1 Pdq| jhqhudol}dwlrqv ri +415, kdyh ehhq vwxglhg dqg ds0
solhg/ zkhuh lqwhuwhpsrudo qrqvhsdudelolwlhv duh lqwurgxfhg lq rughu wr dffrpprgdwh kdelw
irupdwlrq/ ohduqlqj0e|0grlqj ru d glvwlqfwlrq ehwzhhq ulvn dyhuvlrq dqg lqwhuwhpsrudo vxe0
vwlwxwlrq ^47‘/ iru h{dpsoh1 Krzhyhu/ doo ri wkhvh prghov duh suredelolvwlfdoo| vrsklvwlfdwhg
+lq wkh vhqvh ri Vhfwlrq 714, dqg wkxv h{klelw lqgl￿huhqfh wr dpeljxlw| dv dq d sulrul ihdwxuh1
64161 Dpeljxlw| lq Dvvhw Pdunhwv
Wkh lpsruwdqfh ri wkh Hoovehuj Sdudgr{ lv wkdw lw lv vwurqjo| vxjjhvwlyh ri wkh lpsruwdqfh
ri dpeljxlw| dovr lq qrqh{shulphqwdo vhwwlqjv1 Dvvhw pdunhwv surylgh dq reylrxv lqvwdqfh1
Wkh ulvn0edvhg prghov wkdw frqvwlwxwh wkh sdudgljp lq wklv olwhudwxuh kdyh zhoo grfxphqwhg
hpslulfdo idloxuhv> dqg lqwurvshfwlrq vxjjhvwv +dw ohdvw wr xv, wkdw cdpeljxlw|* lv dw ohdvw dv
surplqhqw dv ulvn lq pdnlqj lqyhvwphqw ghflvlrqv1 Dq looxvwudwlrq ri wkh srwhqwldo xvhixoqhvv
ri uhfrjql}lqj wkh suhvhqfh ri dpeljxlw| lv surylghg e| wkh htxlw| suhplxp sx}}oh ^74‘ 0 wkh
idloxuh ri wkh uhsuhvhqwdwlyh djhqw prgho wr ￿w klvwrulfdo dyhudjhv ri wkh htxlw| suhplxp dqg
wkh ulvn0iuhh udwh1 Rqh dvshfw ri wkh sx}}oh lv wkdw dq lpsodxvleoh ghjuhh ri ulvn dyhuvlrq lv
qhhghg wr udwlrqdol}h wkh revhuyhg htxlw| suhplxp1 Qdwxudoo|/ wkh htxlw| suhplxp lv ylhzhg
dv d suhplxp iru wkh juhdwhu ulvnlqhvv ri htxlw|1 Wkh dowhuqdwlyh ylhz wkdw lv vxjjhvwhg e|
rxu dqdo|vlv lv wkdw sduw ri wkh suhplxp lv gxh wr wkh juhdwhu dpeljxlw| dvvrfldwhg zlwk wkh
uhwxuq wr htxlw|/ zklfk uhgxfhv wkh uhtxluhg ghjuhh ri ulvn dyhuvlrq1
Dqrwkhu srwhqwldo uroh iru dpeljxlw| lv lq dgguhvvlqj wkh krph0eldv sx}}oh/ zkhuhe|
lqyhvwruv lq pdq| frxqwulhv lqyhvw cwrr olwwoh* lq iruhljq vhfxulwlhv1 Qdwxudoo|/ cwrr olwwoh*
lv iurp wkh shuvshfwlyh ri d prgho zkhuh vhfxulwlhv duh gl￿huhqwldwhg rqo| yld wkhlu ulvn
fkdudfwhulvwlfv1 Krzhyhu/ li iruhljq vhfxulwlhv duh pruh dpeljxrxv wkdq grphvwlf rqhv/ pxfk
dv looxvwudwhg e| wkh deryh Hoovehuj0w|sh h{dpsoh/ wkhq dgplwwlqj wklv srvvlelolw| lqwr wkh
prgho pd| khos wr uhvroyh wkh sx}}oh1 Wklv dssurdfk kdv ehhq ghyhorshg/ zlwk vrph vxffhvv/
lq ^54‘18
Wr surylgh vrph shuvshfwlyh rq rxu prgholqj dssurdfk edvhg rq dpeljxlw|/ frqvlghu wzr
lvvxhv wkdw pd| kdyh douhdg| rffxuuhg wr uhdghuv/ qdpho|/ +l, revhuydwlrqdo htxlydohqfh dqg
+ll, ohduqlqj1
Iru +l,/ frqvlghu wkh dowhuqdwlyh ghyldwlrq iurp udwlrqdo h{shfwdwlrqv prgholqj zkhuhe|
zh frqwlqxh wr dvvxph suredelolvwlf vrsklvwlfdwlrq +d vlqjoh sulru, exw uhod{ wkh udwlrqdo
h{shfwdwlrqv k|srwkhvlv wkdw wkh djhqw nqrzv dqg hpsor|v wkh wuxh suredelolw| odz1 Wklv
dssurdfk lv dgrswhg lq ^4‘ dqg ^;‘ lq rughu wr dgguhvv wkh htxlw| suhplxp sx}}oh1 Rxu prgho
xowlpdwho| gholyhuv d cglvwruwhg suredelolw| phdvxuh*/ vhohfwhg hqgrjhqrxvo| iurp wkh djhqw*v
vhw ri sulruv/ wkdw zrxog gholyhu wkh lghqwlfdo uhsuhvhqwdwlyh djhqw htxloleulxp zhuh lw dgrswhg
dv d sulplwlyh vshfl￿fdwlrq ri eholhiv1 Lq vslwh ri wklv irup ri revhuydwlrqdo htxlydohqfh/ rxu
dssurdfk kdv vhyhudo dgydqwdjhv1
Iluvw/ wkhuh lv dq dsshdo wr edvlqj dq h{sodqdwlrq ri dvvhw pdunhw ehkdylru rq d skh0
qrphqrq/ qdpho| dpeljxlw| dyhuvlrq/ wkdw lv sodxvleo| lpsruwdqw lq d ydulhw| ri vhwwlqjv/
udwkhu wkdq rq d sduwlfxodu dqg lqyduldeo| dg krf vshfl￿fdwlrq ri huurqhrxv eholhiv1 Vhfrqg/
dq djhqw xvlqj wkh zurqj suredelolw| phdvxuh pd| sodxvleo| eh dzduh ri wklv srvvlelolw| dqg
wkxv eh ohg wr vhhn urexvw ghflvlrqv1 Vxfk vhoi0dzduhqhvv dqg d ghvluh iru urexvw ghflvlrqv
ohdg qdwxudoo| wr frqvlghudwlrq ri vhwv ri sulruv1
Ilqdoo|/ zkloh lw lv wuxh wkdw dq| h{fhvv uhwxuq wkdw fdq eh jhqhudwhg e| rxu prgho frxog
dovr eh gholyhuhg e| d prgho lq zklfk htxlw| lv ylhzhg h{foxvlyho| dv ulvn| exw zkhuh shufhlyhg
ulvnlqhvv lv uhodwlyh wr huurqhrxv eholhiv/ wkh odwwhu vwru| zrxog vwloo uhtxluh d odujh ghjuhh ri
8Rqfh djdlq/ frqwlqxrxv0wlph sod|v dq lpsruwdqw uroh1
7ulvn dyhuvlrq dqg wkxv zrxog qrw uhvroyh wkh sx}}oh dv srvhg e| Phkud dqg Suhvfrww1 Sxw
dqrwkhu zd|/ wkh sx}}oh frqfhuqv qrw rqo| wkh klvwrulfdo htxlw| suhplxp exw dovr ehkdylru
lq rwkhu vhwwlqjv dqg lqwurvshfwlrq uhjduglqj sodxvleoh fkrlfhv ehwzhhq k|srwkhwlfdo orwwhulhv
0 wkhvh duh xvhg wr ghwhuplqh wkh udqjh ri sodxvleoh ulvn dyhuvlrq1 Lpsolflw lv wkdw wkh
survshfwv lqyroyhg lq doo wkhvh vhwwlqjv duh sxuho| ulvn|/ mxvwli|lqj wkh wudqvihu ri suhihuhqfh
sdudphwhuv dfurvv vhwwlqjv1 Rxu zrunlqj k|srwkhvlv lv wkdw survshfwv idfhg lq dvvhw pdunhw
duh txdolwdwlyho| gl￿huhqw wkdq k|srwkhwlfdo orwwhulhv zkhuh sul}hv duh ghwhuplqhg e| wkh
rxwfrph ri d frlq  ls/ iru h{dpsoh1
Wkh vhfrqg qdwxudo txhvwlrq frqfhuqlqj rxu prgho lv ￿zrxog dpeljxlw| qrw glvdsshdu
hyhqwxdoo| dv wkh djhqw ohduqv derxw khu hqylurqphqwB￿ Iru h{dpsoh/ jlyhq dq Hoovehuj xuq
frqwdlqlqj edoov ri ydulrxv froruv lq xqnqrzq sursruwlrqv/ lw lv lqwxlwlyh wkdw wkh wuxh froru
frpsrvlwlrq zrxog eh ohduqhg dv|pswrwlfdoo| li wkhuh lv uhshdwhg vdpsolqj +zlwk uhsodfhphqw,
iurp wkh xuq1 Krzhyhu/ lqwxlwlrq lv gl￿huhqw iru wkh prgl￿hg vhwwlqj zkhuh wkhuh lv d vhtxhqfh
ri dpeljxrxv Hoovehuj xuqv/ hdfk frqwdlqlqj edoov ri ydulrxv froruv lq xqnqrzq sursruwlrqv/
dqg zkhuh vdpsolqj lv vxfk wkdw zlwk wkh qwk gudz lv pdgh iurp wkh qwk xuq1 Vxssrvh
ixuwkhu wkdw wkh djhqw ylhzv wkh xuqv dv clghqwlfdo dqg lqghshqghqw*19 Jlyhq vxfk d sulru
ylhz/ rqh zrxog qrw h{shfw dpeljxlw| wr ydqlvk1 Lqghhg/ Pdulqdffl ^6;‘ suryhv d OOQ
uhvxow dssursuldwh iru eholhiv uhsuhvhqwhg e| d vhw ri sulruv lq zklfk wkh frqqhfwlrq ehwzhhq
hpslulfdo iuhtxhqflhv dqg dv|pswrwlf eholhiv lv zhdnhqhg wr d ghjuhh wkdw ghshqgv rq wkh
h{whqw ri dpeljxlw| lq sulru eholhiv1 Dv|pswrwlfdoo|/ wkh ghflvlrq0pdnhu eholhyhv wkdw wkh
olplw iuhtxhqf| ri dq| jlyhq froru olhv lq dq lqwhuydo/ zkhuh wkh lqwhuydo froodsvhv wr d srlqw li
wkhuh lv qr dpeljxlw| lq sulru eholhiv exw qrw pruh jhqhudoo|1 Zkloh Pdulqdffl*v iudphzrun
grhv qrw dffrpprgdwh rxu frqwlqxrxv0wlph vhwwlqj/ klv dqdo|vlv lv qhyhuwkhohvv vwurqjo|
vxjjhvwlyh/ zlwk wkh lqfuhphqwv i_‘| G | ￿ fj ri wkh gulylqj vwdwh surfhvv E‘|￿ frqvwlwxwlqj
wkh frxqwhusduw ri wkh vhw ri Hoovehuj xuqv1: +Vhh wkh hqg ri Vhfwlrq 517 iru ixuwkhu glvfxvvlrq
ri ohduqlqj1,
4171 Urexvwqhvv
D uhodwhg dqg lqghshqghqwo| ghyhorshg prgho/ zlwk vlplodu prwlydwlrq/ lv ghvfulehg lq ^6‘1
Lq ghvfulelqj prwlydwlrq iru wkhlu vxuurxqglqj uhvhdufk djhqgd/ Kdqvhq dqg Vdujhqw ^63‘
wudqvodwh Hoovehuj0w|sh skhqrphqd dqg vshdn lq whupv ri djhqwv +frqvxphu2lqyhvwruv ru
pdfurhfrqrplf srolf| pdnhuv, idflqj prgho xqfhuwdlqw| dqg wkhuhiruh vhhnlqj wr pdnh gh0
flvlrqv wkdw duh urexvw wr wklv xqfhuwdlqw|1 Wkrxjk wkhlu prgho ehduv vrph uhodwlrq wr wkh
Jloerd0Vfkphlgohu pxowlsoh0sulruv prgho dqg wr rxuv/ wkdw uhodwlrq lv pruh rqh ri vslulw udwkhu
wkdq suhflvh irup dv lw lv khuh +wkh| kdyh qr frxqwhusduw ri +619,/ iru h{dpsoh,1 Qhyhuwkhohvv/
9Jlyhq d vhw S ri sulruv rq d vwdwh vsdfh ￿Q
q@4￿q/ ghqrwh e| Sq wkh vhw ri pdujlqdov rq ￿q1 Iroorzlqj
^5;/ s1 483‘/ vd| wkdw wkh ￿q*v duh lqghshqghqw xqghu S li S frlqflghv zlwk wkh forvhg frqyh{ kxoo ri
is4 ￿ === ￿ sq = sq 5S q doo qj1 Iru dq lq￿qlwh Fduwhvldq surgxfw/ uhtxluh wkh deryh surshuw| wr krog
iru ￿Q
q@4￿q iru doo Q1 Pdulqdffl ^6;/ ss1 48:0;‘ dgrswv d zhdnhu qrwlrq ri lqghshqghqfh1 Ilqdoo|/ gh￿qh
clghqwlfdo* lq wkh reylrxv zd|/ qdpho| e| Sq @ Sp iru doo q dqg p1
:Wkh dvvxpswlrq wkdw lqfuhphqwv duh clghqwlfdo dqg lqghshqghqw* lv vdwlv￿hg lq wkh vshfldo fdvh ri rxu
prgho fdoohg LLG dpeljxlw| +Vhfwlrq 617,> vhh dovr Wkhruhp 7181
8wkh frpprqdolw| lq prwlydwlrq dqg vslulw zlwk rxu prgho vxjjhvwv wkdw wkh pdfurhfrqrplf
dssolfdwlrqv glvfxvvhg e| wkhvh dxwkruv +vhh dovr ^8‘, duh srwhqwldo dssolfdwlrqv ri rxu prgho
dv zhoo1
Zh zloo qrw glvfxvv wkh vxevwdqwldo gl￿huhqfhv lq irupdo ghwdlov exw wkhuh lv dq lpsruwdqw
gl￿huhqfh lq hpskdvlv ehwzhhq wkh wzr dssurdfkhv wkdw zh zrxog olnh wr phqwlrq1 Wkh
dssurdfk lq wkh flwhg sdshuv/ dqg dovr lq wkh uhodwhg glvfuhwh0wlph prgho ^64‘/ kdv lwv urrwv
lq urexvw frqwuro wkhru| udwkhu wkdq lq ghflvlrq wkhru|1 Dv d uhvxow/ wkhvh dxwkruv jlyh
ohvv zhljkw wr ehkdylrudo irxqgdwlrqv/ iru h{dpsoh/ lq rughu wr mxvwli| lqwhusuhwdwlrqv iru
xwlolw| sdudphwhuv1 Wkhvh lqwhusuhwdwlrqv duh edvhg lqvwhdg rq zkdw vhhpv qdwxudo jlyhq
wkh ixqfwlrqdo irup ru rq frpprq sudfwlfh lq wkh urexvw frqwuro olwhudwxuh1 Krzhyhu/ li
wkh ixqfwlrqdo irup lv revhuydeoh rqo| lqgluhfwo| wkurxjk ehkdylru/ wkhq wr eh hpslulfdoo|
phdqlqjixo/ d qrwlrq ri urexvw ghflvlrq0pdnlqj pxvw eh h{suhvvhg lq whupv ri revhuydeoh +dw
ohdvw lq sulqflsoh, fkrlfh ehkdylru1; Fruuhvsrqglqj ehkdylrudo irxqgdwlrqv iru rxu prgho duh
surylghg e| ^58‘ dqg ^5:‘/ zklfk xqghuo| rxu Wkhruhpv 714/ 716/ 717 dqg 718/ doo ri zklfk sod|
d uroh lq vxssruwlqj wkh lqwhusuhwdwlrqv zh vxjjhvw iru rxu xwlolw| ixqfwlrq dqg vxevhtxhqw
dqdo|vlv1
Wr looxvwudwh wkh lpsruwdqfh ri irfxvvlqj rq ehkdylru/ qrwh wkdw/ dv hpskdvl}hg lq ^6‘/
wkh prgho sursrvhg wkhuh lv irupdoo| d vshfldo fdvh ri vwrfkdvwlf gl￿huhqwldo xwlolw|/ zklfk/
dv kdv douhdg| ehhq revhuyhg/ lv suredelolvwlfdoo| vrsklvwlfdwhg1 Lw iroorzv wkdw wkh prgho
ri urexvw ghflvlrq0pdnlqj lv lqfrqvlvwhqw zlwk wkh w|slfdo Hoovehuj fkrlfhv +414,1 Krzhyhu/
li lw grhv qrw fruuhvsrqg wr Hoovehuj0w|sh ehkdylru/ wkhq zkdw lv curexvw ghflvlrq0pdnlqj*B
Lw pd| yhu| zhoo eh srvvleoh wr surylgh d vdwlvidfwru| dqvzhu wr wklv txhvwlrq> rxu srlqw lv
vlpso| wkdw lw lv qrw dgguhvvhg lq ^6‘ dqg wkh uhodwhg olwhudwxuh1
51 PXOWLSOH0SULRUV XWLOLW\
5141 Dwhpsrudo Prgho
Frqvlghu dq dwhpsrudo ru rqh0vkrw fkrlfh vhwwlqj zkhuh xqfhuwdlqw| lv uhsuhvhqwhg e| wkh
phdvxudeoh vwdwh vsdfh ElcI￿1 Wkh ghflvlrq0pdnhu udqnv xqfhuwdlq survshfwv ru dfwv/ pdsv
iurp l lqwr dq rxwfrph vhw [1 Dffruglqj wr wkh pxowlsoh0sulruv prgho/ wkh xwlolw| LEs￿ ri





;D shuwlqhqw dqdorj| lv wkdw lq wkh yQP wkhru| ri suhihuhqfhv ryhu orwwhulhv/ ulvn dyhuvlrq lv gh￿qhg dv
d surshuw| ri suhihuhqfh 0 wkdw dq| orwwhu| I lv udqnhg ehorz wkh orwwhu| wkdw gholyhuv wkh phdq ri I zlwk
fhuwdlqw|1 Frqfdylw| ri wkh yQP lqgh{ lv d fkdudfwhul}dwlrq ri ulvn dyhuvlrq/ udwkhu wkdq lwv gh￿qlwlrq/ dqg
lw kdv vljql￿fdqfh rqo| ehfdxvh lw fkdudfwhul}hv d surshuw| ri suhihuhqfh1
<Wkh vhw S lv uhtxluhg wr eh zhdno| frpsdfw +wkh zhdn wrsrorj| lv wkdw lqgxfhg e| wkh vhw ri erxqghg
phdvxudeoh ixqfwlrqv, dqg frqyh{1 Ehfdxvh S dqg lwv forvhg frqyh{ kxoo jhqhudwh wkh lghqwlfdo xwlolw|
ixqfwlrq/ forvhgqhvv dqg frqyh{lw| duh qrupdol}dwlrqv wkdw hqvxuh xqltxhqhvv1 Vhh ^5;‘ iru ixuwkhu ghwdlov1
Qrwh/ krzhyhu/ wkdw suredelolw| phdvxuhv duh dvvxphg wkhuh wr eh rqo| ￿qlwho| dgglwlyh/ zkloh zh dvvxph
frxqwdeoh dgglwlylw|1
9zkhuh ￿ G [￿ $U ￿ lv d yrq Qhxpdqq0Prujhqvwhuq xwlolw| lqgh{ dqg S lv d vxemhfwlyh vhw
ri suredelolw| phdvxuhv rq ElcI￿1 Wkh vxemhfwlyh h{shfwhg xwlolw| prgho lv rewdlqhg zkhq
wkh vhw ri sulruv S lv d vlqjohwrq1 Lqwxlwlyho|/ wkh pxowlsolflw| ri sulruv lq wkh jhqhudo fdvh
prghov wkh dpeljxlw| ri wkh olnholkrrgv ri hyhqwv dqg wkh lq￿pxp gholyhuv dyhuvlrq wr vxfk
dpeljxlw|1
Lq dqwlflsdwlrq ri wkh whfkqlfdo uhtxluhphqwv ri frqwlqxrxv wlph/ frqvlghu d vshfldol}dwlrq
ri wkh pxowlsoh0sulruv prgho iru zklfk doo sulruv lq S duh xqlirupo| devroxwho| frqwlqxrxv
zlwk uhvshfw wr vrph ￿ lq S143 Wkhq S pd| eh lghqwl￿hg zlwk lwv vhw M ri ghqvlwlhv zlwk
uhvshfw wr ￿/ zkhuh M ￿ u￿
nElcIc￿￿ lv zhdno| frpsdfw1 Wkh lghqwl￿fdwlrq lv yld
S ’ i￿_￿ G ￿ 5 Mj1
Iru ixuwkhu ghwdlov dqg ehkdylrudo lpsolfdwlrqv ri wklv dgghg vwuxfwxuh vhh ^57/ Vhfwlrq 5‘ dqg
^6<‘1
5151 Frqwlqxrxv Wlph
Frqvlghu d ￿qlwh krul}rq prgho/ zkhuh wlph | ydulhv ryhu dfcAo1 Rwkhu sulplwlyhv lqfoxgh=
￿ d suredelolw| vsdfh ElcIc￿￿
￿ d vwdqgdug _0glphqvlrqdo Eurzqldq prwlrq ‘| ’ E‘ ￿
| c￿￿￿c‘_
| ￿￿ gh￿qhg rq ElcIc￿￿
￿ wkh Eurzqldq ￿owudwlrq iI|jf$|$A/ zkhuh I| lv jhqhudwhg e| jE‘r G r ￿ |￿ dqg wkh
￿0qxoo vhwv ri I/ IA ’ I1
Wkh phdvxuh ￿ lv sduw ri rxu ghvfulswlrq ri wkh frqvxphu*v suhihuhqfh dqg/ iru wkdw sxusrvh/
lw lv vljql￿fdqw rqo| iru gh￿qlqj qxoo vhwv> dq| htxlydohqw +pxwxdoo| devroxwho| frqwlqxrxv,
phdvxuh zrxog gr dv zhoo1 Lq sduwlfxodu/ ￿ lv qrw qhfhvvdulo| wkh cwuxh* phdvxuh +zlwk wkh
h{fhswlrq ri Vhfwlrq 8,1
Frqvxpswlrq surfhvvhv S wdnh ydoxhv lq ￿/ d frqyh{ vxevhw ri +￿144 Rxu remhfwlyh lv
wr irupxodwh d xwlolw| ixqfwlrq rq wkh grpdlq ( ri ￿0ydoxhg frqvxpswlrq surfhvvhv1 Lw lv
qdwxudo wr frqvlghu d surfhvv ri xwlolw| ydoxhv ET|￿ iru hdfk S/ zkhuh T| lv wkh xwlolw| ri wkh
frqwlqxdwlrq ESr￿rD| dqg Tf lv wkh xwlolw| ri wkh hqwluh surfhvv S1
Lq wkh fdvh ri ulvn/ zkhuh ￿ uhsuhvhqwv wkh frqvxphu*v dvvhvvphqw ri olnholkrrgv/ Gx!h
dqg Hsvwhlq ^47‘ gh￿qh vwrfkdvwlf gl￿huhqwldo xwlolw| +VGX,1 Iru dq| jlyhq S lq (/ wkh VGX
surfhvv ET ￿








r ￿_r mI |
&
/ +515,
43S lv xqlirupo| devroxwho| frqwlqxrxv zlwk uhvshfw wr S li iru hyhu| %A3 wkhuh h{lvwv ￿A3 vxfk wkdw
H 5Idqg S+H, ?￿lpso| T+H, ?% / ;T 5 S1
44Lq wklv sdshu/ { @ +{w, ghqrwhv d surfhvv/ e| zklfk zh phdq wkdw lw lv= +l, surjuhvvlyho| phdvxudeoh/
wkdw lv/ +iru hdfk w, { =^ 3 >w‘ ￿ +￿>Iw, ￿$ Uc lv surgxfw phdvxudeoh/ dqg +ll, vtxduh lqwhjudeoh/ wkdw
lv/ H
U W
3 m{vm5gv ? 41 Wkh vhw ri doo vxfk surfhvvhv lv d Kloehuw vsdfh xqghu wkh reylrxv lqqhu surgxfw1
Lqhtxdolwlhv lq udqgrp yduldeohv duh xqghuvwrrg wr krog S d1h1/ zkloh wkrvh lqyroylqj vwrfkdvwlf surfhvvhv duh
xqghuvwrrg wr krog gw ￿gS d1h1
:Khuh wkh ixqfwlrq s lv d sulplwlyh ri wkh vshfl￿fdwlrq/ fdoohg dq djjuhjdwru1 Wkh vwdqgdug
h{shfwhg xwlolw| vshfl￿fdwlrq +415, lv rewdlqhg lq wkh vshfldo fdvh sESc￿￿’￿ES￿ ￿ q￿1
Wkh olplwdwlrq ri VGX iurp wkh suhvhqw shuvshfwlyh lv wkdw ehfdxvh doo h{shfwdwlrqv
duh wdnhq zlwk uhvshfw wr wkh vlqjoh suredelolw| phdvxuh ￿/ wkh frqvxphu lv lqgl￿huhqw wr
dpeljxlw|1 Lq wkh qh{w wkuhh vhfwlrqv/ zh ghvfuleh d jhqhudol}dwlrq ri VGX lq zklfk wkh
frqvxphu xvhv d vhw S ri phdvxuhv dv lq wkh dwhpsrudo pxowlsoh0sulruv prgho1
5161 Ghqvlw| Jhqhudwruv
Rxu frqvwuxfwlrq ri wkh vhw S ri phdvxuhv rq ElcIA￿ ehjlqv khuh1 Wr xqghuvwdqg wkh qdwxuh
ri wkh frqvwuxfwlrq/ wklqn ri d glvfuhwh0wlph hyhqw wuhh ^45/ s1 437‘/ zkhuh qdwxuh ghwhuplqhv
prwlrq wkurxjk wkh wuhh dqg zkhuh IA ghvfulehv wkh vhw ri whuplqdo vwdwhv ru hyhqwv1 Il{
d uhihuhqfh suredelolw| phdvxuh ￿ rq IA1 Dw hdfk wlph dqg vwdwh lq wkh wuhh/ wkh ghflvlrq0
pdnhu*v frqglwlrqdo eholhiv derxw wkh vwdwh wr eh uhdfkhg qh{w shulrg duh uhsuhvhqwhg e| d vhw
ri ghqvlwlhv zlwk uhvshfw wr wkh frqglwlrqdo phdvxuh lqgxfhg e| ￿1 Wkh vhw ri ghqvlwlhv ghwhu0
plqhv d vhw ri frqglwlrqdo suredelolw| phdvxuhv ryhu wkh vwdwh qh{w shulrg1 Ilqdoo|/ wkh vhwv
ri frqglwlrqdo0rqh0vwhs0dkhdg phdvxuhv iru doo wlph0vwdwh sdluv fdq eh frpelqhg lq wkh xvxdo
suredelolw| fdofxoxv zd| wr gholyhu d vhw S ri phdvxuhv rq IA1 +Lq wklv frqvwuxfwlrq/ dgplw
doo srvvleoh vhohfwlrqv ri d frqglwlrqdo phdvxuh dw hdfk wlph0vwdwh sdlu1, Lq wkh fruuhvsrqglqj
frqwlqxrxv0wlph frqvwuxfwlrq/ wkh surfhvv wkdw gholyhuv wkh frxqwhusduw ri wkh +orjdulwkp ri,
d frqglwlrqdo0rqh0vwhs0dkhdg ghqvlw| iru hdfk wlph dqg vwdwh lv fdoohg d ghqvlw| jhqhudwru> lw
lv gh￿qhg irupdoo| ehorz1 Wkh uhdvrq iru uhvwulfwlqj dwwhqwlrq wr vhwv ri sulruv S frqvwuxfwhg
lq wklv zd| lv h{sodlqhg iroorzlqj Wkhruhp 5161













Wkh odwwhu frqglwlrq hqvxuhv ^46/ s1 5;;‘ wkdw wkh surfhvv E5w
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| iru hdfk |1 +517,
;Lq wkh vshfldo fdvh zkhuh w| ￿ f iru doo |/ wkhq 5w
| ￿ ￿ dqg ’w ’ ￿1 Lq rughu wr shuplw
wkh ghflvlrq0pdnhu wr kdyh d qrqvlqjohwrq vhw ri sulruv +frqwdlqlqj ￿,/ zh vshfli| d vhw X ri
ghqvlw| jhqhudwruv +frqwdlqlqj f,1 Dv h{sodlqhg iroorzlqj Wkhruhp 516/ d fhqwudo ihdwxuh ri
rxu prgho lv wkdw zh vshfli| X e| ehjlqqlqj zlwk d vhw iX|j|MdfcAo ri fruuhvsrqghqfhv iurp
l lqwr +_1 Wkxv/ iru hdfk |/ ohw
X| Gl￿ +
_1
Dvvxph wkh iroorzlqj surshuwlhv=
Xqlirup Erxqghgqhvv Wkhuh lv d frpsdfw vxevhw N lq -_ vxfk wkdw X| Gl￿ N iru
hdfk |1
Frpsdfw0Frqyh{ Hdfk X| lv frpsdfw0ydoxhg dqg frqyh{0ydoxhg1
Phdvxudelolw| Wkh fruuhvsrqghqfh E|c/￿ :￿$ X|E/￿/ zkhq uhvwulfwhg wr dfcro ￿ l/l v
EEdfcro￿ ￿I r0phdvxudeoh iru dq| f ￿r￿ A145
Qrupdol}dwlrq f 5 X|E/￿ _| ￿ _￿ @￿e￿
Gh￿qh wkh vhw ri ghqvlw| jhqhudwruv e|46
X’iEw|￿Gw|E/￿ 5 X|E/￿ _|￿ _￿ @￿e￿j1 +518,
Urxjko| vshdnlqj/ +518, uhvwulfwv X wr htxdo wkh Fduwhvldq surgxfw ri lwv surmhfwlrqv dqg
wkxv zh uhihu wr dq| X frqvwuxfwhg lq wklv zd| dv ehlqj uhfwdqjxodu1D qh { d p s o hr idv h wX








zkhuh ￿ ￿ f lv d sdudphwhu1
Zh surfhhg wr ghvfuleh wkh lpsolhg surshuwlhv ri X wkdw zloo eh xvhg odwhu1 Vd| wkdw X
lv vwrfkdvwlfdoo| frqyh{ li iru dq| uhdo0ydoxhg surfhvv Eb|￿ zlwk f ￿ b| ￿ ￿/
w dqg w
￿ lq X lpsolhv wkdw Eb|w| n E￿ ￿ b|￿w
￿
|￿ 5 X1
Deeuhyldwh u" EdfcAo ￿lc EEdfcAo￿ ￿I Ac_ |￿ _￿￿ e| u" EdfcAo ￿ l￿ dqg vlploduo| iru u￿1
Ohppd 5141 Wkh vhw ri ghqvlw| jhqhudwruv X vdwlv￿hv=
+d, f 5 X dqg t￿Tin w nu"EdfcAofl￿G w 5 Xj ￿ 41
+e, Iru dq| +_0ydoxhg surfhvv Ej|￿/ wkhuh h{lvwv Ew
W
|￿ 5 X vxfk wkdw
w
W
| ￿ j| ’ 4@ 
wMX w| ￿ j| ’ 4@ 
+MX|
+ ￿ j| 1 +51:,
+f, X lv vwrfkdvwlfdoo| frqyh{ dqg zhdno| frpsdfw lq u￿ EdfcAo ￿l￿1
45Wkdw lv/ i+w>$, 5 ^3>v‘ ￿￿=￿ w+$, _ N 9@ >j 5 E+^3>v‘, ￿I v iru hdfk frpsdfw N ￿N 1 Vhh ^5/ vhfwlrq
47145‘1
46Xqlirup Erxqghgqhvv hqvxuhv wkdw +516, lv vdwlv￿hg e| dq| ￿ 5 ￿ dqg khqfh wkdw hdfk T￿ lv zhoo0gh￿qhg1
<Sduw +d, ghvfulehv d qrupdol}dwlrq dqg dovr wkh qrup0erxqghgqhvv ri X1 Wkrxjk wkh h{lv0
whqfh ri 4@ +MX|E/￿ + ￿ j| lv dssduhqw iru hdfk E|c/￿ sdlu/ +e, hqvxuhv wkdw wkh pd{lpl}huv
w
W




d surfhvv1 Wkhq wkh vlqjoh surfhvv w
W dfklhyhv wkh ￿uvw pd{lpxp lq +51:, iru hyhu| | dqg
wkhuh lv htxdolw| ehwzhhq wkh wzr pd{lpl}dwlrqv vkrzq1
Wkh sulplwlyh iX|j fdq eh uhsuhvhqwhg lq dq dowhuqdwlyh zd| wkdw lv vrphwlphv pruh
frqyhqlhqw1 Ehfdxvh hdfk X| lv frqyh{0ydoxhg/ zh fdq xvh wkh wkhru| ri vxssruw ixqfwlrqv wr
surylgh d uhirupxodwlrq ri wkh suhfhglqj vwuxfwxuh1 Gh￿qh
e|E%￿E/￿ ’ 4@ 
+MX|E/￿
+ ￿ %/ % 5 +
_1 +51;,
Rffdvlrqdoo|/ zh vxssuhvv wkh vwdwh dqg zulwh vlpso| e|E%￿1 +Lq wklv qrwdwlrq/ hdfk ri wkh
h{suhvvlrqv lq +51:, lv htxdo wr e|Ej|￿1, Lw lv zhoo0nqrzq wkdw/ iru hdfk E|c/￿/ e|E￿￿E/￿ surylghv
d frpsohwh ghvfulswlrq ri X|E/￿ lq wkdw wkh odwwhu fdq eh uhfryhuhg iurp e|E￿￿E/￿1 Fkdudf0
whul}lqj surshuwlhv ri e|E￿￿E/￿ lqfoxgh +Olsvfklw}, frqwlqxlw|/ frqyh{lw|/ olqhdu krprjhqhlw|
dqg qrq0qhjdwlylw| +ehfdxvh ri Qrupdol}dwlrq,147 Ixuwkhu/ e| ^5/ Wkhruhp 471<9‘/ wkh deryh
Phdvxudelolw| dvvxpswlrq lv htxlydohqw wr=
E|c/￿ :￿$ e|E%￿E/￿ lv EEdfcro￿ ￿I r0phdvxudeoh rq dfcro ￿ l iru doo Erc%￿ 5 EfcAo ￿ +_1
Zh xvh wkh vxssruw ixqfwlrq sulpdulo| lq wkh vshfldo fdvh ghvfulehg lq Vhfwlrq 617/ zkhuh
e|E￿￿E/￿ lv lqghshqghqw ri erwk wlph dqg wkh vwdwh1
5171 Wkh Vhw ri Sulruv
Jlyhq d vhw ri ghqvlw| jhqhudwruv X/ wkh fruuhvsrqglqj vhw ri sulruv lv
S
X ’ i’
w G w 5 X dqg ’
w lv gh￿qhg e| +517,j1
Wkh vhw ri sulruv lqkhulwv wkh iroorzlqj surshuwlhv/ pdq| ri zklfk duh frxqwhusduwv ri wkrvh
phqwlrqhg lq Vhfwlrq 514 lq wkh frqwh{w ri wkh dwhpsrudo pxowlsoh0sulruv prgho1
Wkhruhp 5151 Wkh vhw ri sulruv SX vdwlv￿hv=
+d, ￿ 5S X1
+e, SX lv xqlirupo| devroxwho| frqwlqxrxv zlwk uhvshfw wr ￿ dqg hdfk phdvxuh lq SX lv
htxlydohqw wr ￿1
+f, SX lv frqyh{1
+g, SX ￿ S@￿
n ElcIA￿ lv frpsdfw lq wkh zhdn wrsrorj|148
47Wkh surri ri Olsvfklw} frqwlqxlw| lv frqwdlqhg lq wkh surri ri Wkhruhp 5161
48Ohw ed+￿>IW, ghqrwh wkh qruphg vsdfh ri ￿qlwho| dgglwlyh uhdo0ydoxhg ixqfwlrqv rq IW zlwk wkh wrwdo
yduldwlrq qrup1 Wkh zhdn wrsrorj| rq ed+￿>IW, lv wkdw lqgxfhg e| wkh vhw E +￿>IW, ri doo erxqghg phd0
vxudeoh uhdo0ydoxhg ixqfwlrqv1 fd4
. +￿>IW, ghqrwhv wkh vxevhw ri +frxqwdeo| dgglwlyh, suredelolw| phdvxuhv>
lw lqkhulwv wkh deryh zhdn wrsrorj|1 Zhdn frpsdfwqhvv lv d vwurqjhu surshuw| wkdq frpsdfwqhvv lq wkh
lqgxfhg zhdn￿0wrsrorj|1
43+h, Iru hyhu| 1 5 u2 ElcIAc￿￿/ wkhuh h{lvwv ’W 5S X vxfk wkdw
.’Wd1 mI |o ’ 4￿?
’M￿X .’d1 mI |o/ f ￿ | ￿ A1




















￿ ghqrwhv wkh uhvwulfwlrq ri ’￿ wr I￿1
Sduwv +d,0+g, duh vhoi0h{sodqdwru|1 E| +g,/ 4￿?’M￿X .’1 h{lvwv iru dq| 1 lqu￿ ElcIAc￿￿/
d iruwlrul lq u2 ElcIAc￿￿1 Sduw +h, h{whqgv wkh h{lvwhqfh ri d plqlpxp wr wkh surfhvv ri
frqglwlrqdo h{shfwdwlrqv1
Ilqdoo|/ frqvlghu +i,/ zklfk lv gxh wr wkh uhfwdqjxodulw| ri X/ dv gh￿qhg e| +518,1 Wkh
gluhfwlrq c￿* lv wulyldo/ ehfdxvh dq| ’ lq SX fdq eh uhsuhvhqwhg dv dq hohphqw ri wkh vhw
rq wkh uljkw e| fkrrvlqj hdfk ’￿ htxdo wr ’ dqg wkhq dsso|lqj wkh ruglqdu| fdofxoxv iru
frpelqlqj pdujlqdov dqg frqglwlrqdov ri d jlyhq phdvxuh1 Wkh hvvhqwldo frqwhqw ri +i, lv
wkh uhyhuvh gluhfwlrq c￿*/ zkhuhe| vxlwdeoh frpelqdwlrqv ri pdujlqdov dqg frqglwlrqdov ri
gl￿huhqw phdvxuhv lq SX |lhog dqrwkhu phdvxuh lq SX1 Lq wklv vhqvh/ SX lv vxlwdeo| odujh1
Sduw +i, fdq eh vwuhqjwkhqhg lq wkh reylrxv zd| wr ￿qlwho| pdq| vwrsslqj wlphv udwkhu wkdq
wkh vlqjoh ghwhuplqlvwlf wlph ￿ dv vwdwhg1
Lw lv qdwxudo wr dvn zklfk surshuwlhv fkdudfwhul}h wkh vhwv ri sulruv wkdw fdq eh jhqhudwhg
yld vhwv ri ghqvlw| jhqhudwruv vdwlvi|lqj rxu uhjxodulw| frqglwlrqv1 Zh surylgh rqo| d sduwldo
uhvsrqvh1
D uhodwhg txhvwlrq lv krz wkh surfhvv w xqghuo|lqj vrph phdvxuh ’ fdq eh ghulyhg iurp
’ +uhyhuvlqj wkh gluhfwlrq ri wkh dujxphqw vxuurxqglqj +517,,1 Wkh dujxphqw lq ^46/ s1
5;<‘ pd| eh dgrswhg lq uhvsrqvh= Ohw ’ eh dq| phdvxuh htxlydohqw wr ￿1 Ghqrwh e| 1
lwv Udgrq0Qlnrg|p ghqvlw| dqg gh￿qh wkh pduwlqjdoh 5| ’ .d1 mI |o1 E| wkh Pduwlqjdoh
Uhsuhvhqwdwlrq Wkhruhp/ wkhuh h{lvwv dq +_0ydoxhg surfhvv k| vxfk wkdw _5| ’ k| ￿ _‘|1
Ehfdxvh ’ lv htxlydohqw wr ￿/ E5|￿ lv d vwulfwo| srvlwlyh surfhvv1 Wdnh w| ’ ￿k|*5|1 Wkhq ’
lv jhqhudwhg iurp w dv lq +517,1 H{suhvvhg dowhuqdwlyho|/ wkh surfhvv w xqghuo|lqj ’ vdwlv￿hv
_E_’|*_￿￿ *E_’|*_￿￿’￿w| ￿_‘|/ +5143,
zkhuh ’| lv wkh uhvwulfwlrq ri ’ wr I| dqg _’|*_￿ lv lwv ghqvlw| zlwk uhvshfw wr ￿1
Frqvhtxhqwo|/ li zh ehjlq zlwk d vhw S ri htxlydohqw phdvxuhv frqwdlqlqj ￿/ dqg gh￿qh
X dv wkh vhw ri doo surfhvvhv w rewdlqhg lq wkh zd| mxvw ghvfulehg/ wkhq X lv d fdqglgdwh wr
vdwlvi| S ’ SX1 Lw uhpdlqv rqo| wr h{dplqh zkhwkhu X lv frqvlvwhqw zlwk wkh frqvwuxfwlrq
+518, dqg wkh suhfhglqj dvvxpswlrqv uhjduglqj wkh xqghuo|lqj sulplwlyh fruuhvsrqghqfhv X|1
Ehfdxvh +5143, shuplwv rqh wr uhfryhu X iurp S/ rqh frxog ghwhuplqh uhvwulfwlrqv rq S
wkdw zrxog gholyhu wkh uhtxluhg surshuwlhv iru X1 Krzhyhu/ wkh uhvwulfwlrqv rewdlqhg lq wklv
zd|/ eh|rqg wkrvh h{suhvvhg lq wkh Wkhruhp/ duh qrw yhu| looxplqdwlqj dqg wkxv zh gr qrw
ghvfuleh wkhp1 Zh frqwhqw rxuvhoyhv zlwk srlqwlqj rxw wkdw li S vdwlv￿hv wkh dssursuldwh
44irup ri +51<,/ wkhq X vdwlv￿hv wkh iroorzlqj frqglwlrq uhodwhg wr wkh vwuxfwxuh hperglhg lq
+518,= Iru hdfk ￿/ ￿ 5I ￿ dqg iw
￿j￿












Ilqdoo|/ frqvlghu djdlq wkh lvvxh ri ohduqlqj1 Dv vxjjhvwhg lq wkh suhylrxv vhfwlrq/ X| E/￿
fdq eh wkrxjkw ri dv wkh vhw ri frqglwlrqdo rqh0vwhs0dkhdg ghqvlwlhv +lq orjdulwkp, dw E|c/￿1
Ehfdxvh wklv vhw ghshqgv rq gdwd +wkurxjk /,/ rxu jhqhudo prgho shuplwv ohduqlqj1 Rq wkh
rwkhu kdqg/ wkh uhvsrqvlyhqhvv wr gdwd shuplwwhg e| rxu prgho lv yhu| jhqhudo dqg zh gr qrw
|hw kdyh dq| frpshoolqj vwuxfwxuh wr dgg/ iru h{dpsoh/ lq rughu wr looxvwudwh wkh uhvsrqvh ri
dpeljxlw| wr revhuydwlrq1 Wkxv rxu sulqflsoh h{dpsohv ehorz +Vhfwlrqv 616 dqg 617, h{foxgh
ohduqlqj1
Lw pd| eh xvhixo wr wudqvodwh wkh suhfhglqj lqwr wkh vlqjoh0sulru +dqg glvfuhwh0wlph, frq0
wh{w1 W|slfdoo|/ wkh sulru lv ryhu wkh ixoo vwdwh vsdfh dqg ohduqlqj dprxqwv wr Ed|hv Uxoh1
Krzhyhu/ wkh Vdydjh wkhru| grhv qrw uhvwulfw wklv sulru dqg lwv frqglwlrqdo rqh0vwhs0dkhdg
xsgdwhv duh vlploduo| xquhvwulfwhg1 Zh dgrsw wkh htxlydohqw dssurdfk ri ehjlqqlqj zlwk
wkh xsgdwhv dqg xvlqj wkhp wr frqvwuxfw wkh sulru1 Lq vd|lqj wkdw zh gr qrw |hw kdyh dq
lqwhuhvwlqj vwuxfwxuh wr vxjjhvw iru frqglwlrqdo rqh0vwhs0dkhdg xsgdwhv/ zh duh vlpso| df0
nqrzohgjlqj wkh zlgho| uhfrjql}hg idfw wkdw wkhuh lv qr ghflvlrq wkhru| dydlodeoh wkdw vhuyhv
wr slq grzq wkh sulru1
5181 Gh￿qlwlrq dqg H{lvwhqfh ri Xwlolw|
Ohw X dqg SX eh dv deryh1 Lq dgglwlrq dqg lq frpprq zlwk VGX +vhh +515,,/ dqrwkhu
sulplwlyh frpsrqhqw ri wkh vshfl￿fdwlrq ri xwlolw| lv dq djjuhjdwru s G ￿ ￿ +￿ ￿$ +￿1
Dvvxph wkh iroorzlqj=
￿ s lv Eruho phdvxudeoh1
￿ Xqlirup Olsvfklw} lq xwlolw|= Wkhuh h{lvwv d srvlwlyh frqvwdqw & vxfk wkdw
msESc￿￿ ￿ sESc￿￿m￿&m￿ ￿ ￿mc iru doo ESc￿c￿￿ 5 ￿ ￿ +
21




￿ 4 iru doo S 5 (1
Zh zlvk wr jhqhudol}h VGX e| doorzlqj wkh djhqw wr hpsor| wkh vhw SX ri sulruv udwkhu
wkdq wkh vlqjoh phdvxuh ￿1 Rq sxuho| irupdo jurxqgv/ rqh lv ohg wr frqvlghu wkh iroorzlqj
vwuxfwxuh= Il{ d frqvxpswlrq surfhvv S lq (1 Wkhq iru hdfk phdvxuh ’ lq SX/g h q r w he |
ET
’
| ￿ wkh VGX xwlolw| surfhvv iru S frpsxwhg uhodwlyh wr eholhiv jlyhq e| ’/w k d wl v /ET
’
| ￿ lv








r ￿_r mI |
&
/ f ￿ | ￿ A1 +5144,
45Wkh vwuxfwxuh ri wkh dwhpsrudo pxowlsoh0sulruv prgho vxjjhvwv gh￿qlqj xwlolw| dv wkh orzhu
hqyhorsh
T| ’4 ￿ ?
’M￿X T
’
| / f ￿ | ￿ A1 +5145,
Zh zloo vkrz vkruwo| wkdw +5146, dgplwv d xqltxh vroxwlrq ET|￿ iru hdfk S lq (1W k x v
zh fdq ydu| S dqg rewdlq wkh xwlolw| ixqfwlrq TfE￿￿/ ru vlpso| T E￿￿ ru T 1Z k h qz hz l v kw r
hpskdvl}h wkh xqghuo|lqj frqvxpswlrq surfhvv/ zh zulwh ET|ES￿￿1
Wkhuh duh dw ohdvw wzr lpsruwdqw frqfhuqv uhjduglqj vxfk d gh￿qlwlrq1 Iluvw/ lw vhhpv dg
krf1 Iru h{dpsoh/ rq sxuho| irupdo jurxqgv/ rqh pljkw dgrsw lqvwhdg ri +5145, wkh iroorzlqj
dowhuqdwlyh jhqhudol}dwlrq ri VGX=49




sESrcT r￿_r mI |
&
/ f ￿ | ￿ A1 +5146,
Lq idfw/ zh vkrz vkruwo| wkdw wklv dowhuqdwlyh |lhogv dq htxlydohqw gh￿qlwlrq ri xwlolw|1 Vhfwlrq
615 ghprqvwudwhv ixuwkhu wkdw wklv gh￿qlwlrq gholyhuv wkh qdwxudo h{whqvlrq ri wkh dwhpsrudo
pxowlsoh0sulruv prgho wr d whpsrudo vhwwlqj1
D pruh sudfwlfdo frqfhuq uhjduglqj wkh deryh gh￿qlwlrq ri xwlolw| lv wudfwdelolw|/ ehjlqqlqj
zlwk g|qdplf frqvlvwhqf| ri ET|E￿￿￿14: Wkh qh{w wkhruhp vkrzv wkdw g|qdplf frqvlvwhqf|
lv vdwlv￿hg1 Wklv lv grqh lq wkh xvxdo idvklrq/ qdpho| e| vkrzlqj wkdw wkh xwlolw| surfhvv
vdwlv￿hv d uhfxuvlyh uhodwlrq1 Qrw vxusulvlqjo|/ wkh zd| wr h{sorlw ixoo| wkh dqdo|wlfdo srzhu
d￿rughg e| frqwlqxrxv0wlph +erwk lq rughu wr suryh g|qdplf frqvlvwhqf| dqg iru vxevhtxhqw
dqdo|vlv, lv wr h{suhvv wkh uhfxuvlyh uhodwlrq lq gl￿huhqwldo whupv1 Dffruglqjo|/ zh vkrz wkdw
wkh xwlolw| surfhvv gh￿qhg e| +5145, fdq eh fkdudfwhul}hg dowhuqdwlyho| dv wkh xqltxh vroxwlrq
wr d edfnzdug vwrfkdvwlf gl￿huhqwldo htxdwlrq +EVGH,14;
Wr looxvwudwh/ qrwlfh wkdw wkh VGX surfhvv ET ￿
| ￿ gh￿qhg e| +515, fdq eh h{suhvvhg dowhu0





| ￿_| n j
￿
| ￿ _‘|/ T
￿
A ’f 1 +5147,
Lq idfw/ ehfdxvh wkh yrodwlolw| j￿
| lv hqgrjhqrxv dqg lv sduw ri wkh frpsohwh vroxwlrq wr wkh
EVGH/ lw lv pruh dffxudwh wr vd| wkdw ￿ ET ￿
| cj ￿
| ￿ lv d +xqltxh, vroxwlrq￿1 Krzhyhu/ dv
rxu irfxv lv rq wkh xwlolw| frpsrqhqw ri wkh vroxwlrq/ zh deeuhyldwh dqg zulwh ￿ ET ￿
| ￿ lv d
+xqltxh, vroxwlrq￿> vlplodu deeuhyldwhg whuplqrorj| lv dgrswhg iru prvw rwkhu EVGH*v wkdw














r ￿_r mI |
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/
49Qrwh wkdw +5145, fdq eh uhvwdwhg dv Yw @p l q T5S￿ HT
kU W
w i+fv>YT
v ,gv mI w
l
1
4:G|qdplf frqvlvwhqf|/ gh￿qhg dv lq ^47/ s1 6:6‘/ lv wkh uhtxluhphqw wkdw iru doo vwrsslqj wlphv ￿ dqg doo
frqvxpswlrq surfhvvhv f dqg f3 vdwlvi|lqj f3 @ f rq ^3>￿‘/ S +Y￿+f3, ￿ Y￿+f,, @4@ , Y3+f3, ￿ Y3+f,/
zlwk vwulfw lqhtxdolw| kroglqj li S +Y￿+f3, AY ￿+f,, A 31
4;Vhh Dsshqgl{ D iru d eulhi rxwolqh dqg ^4;‘ iru d frpsuhkhqvlyh jxlgh wr wkh wkhru| ri EVGH*v/ dv zhoo
dv wr suhylrxv dssolfdwlrqv wr xwlolw| wkhru| dqg ghulydwlyh vhfxulw| sulflqj1
46zklfk lv d pduwlqjdoh xqghu ￿1 Wkxv wkh Pduwlqjdoh Uhsuhvhqwdwlrq Wkhruhp gholyhuv +5147,
iru d vxlwdeoh surfhvv Ej￿




| ￿ _‘| lv d pduwlqjdoh/ wr hvwdeolvk wkdw +5147, lpsolhv +515,1
D vlplodu uhirupxodwlrq lv srvvleoh iru wkh VGX surfhvv ET
’
| ￿ gh￿qhg lq +5144, dqg fru0
uhvsrqglqj wr dq djhqw zlwk suredelolvwlf eholhiv jlyhq e| ’ lq SX1L i’ ’ ’w +vhh +517,,/
wkhq wkh Jluvdqry Wkhruhp lpsolhv wkdw ET
’













| ￿ _‘|/ T
’
A ’f 1 +5148,
Lq frpsdulvrq zlwk +5147,/ wkh guliw lv dgmxvwhg e| wkh dgglwlrq ri w|￿j
’
| lq rughu wr dffrxqw
iru wkh idfw wkdw E‘|￿ lv qrw d Eurzqldq prwlrq xqghu ’14<
Zh duh qrz uhdg| wr vwdwh rxu pdlq wkhruhp1
Wkhruhp 5161 Ohw X dqg s vdwlvi| wkh suhfhglqj dvvxpswlrqv1 Il{ S lq (1 Wkhq=
+d, Wkhuh h{lvwv d xqltxh +frqwlqxrxv, surfhvv ET|￿ vroylqj wkh EVGH
_T| ’
￿




_| n j| ￿ _‘|/ TA ’f 1 +5149,
+e, Iru hdfk ’ ’ ’w 5S X/g h q r w he |ET
’
| ￿ wkh xqltxh vroxwlrq wr +5144,/ ru htxlydohqwo| wr





| / f ￿ | ￿ A1 +514:,
+f, Wkh surfhvv ET|￿ lv wkh xqltxh vroxwlrq wr TA ’fdqg




sESrcTr￿_r n T￿ mI |
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/ f ￿ |￿￿￿ A1 +514;,
Sduw +e, uhihuv wr wkh lqlwldo gh￿qlwlrq +5145,1 Sduw +d, lv wkh EVGH fkdudfwhul}dwlrq wkdw
lv wkh frxqwhusduw wr +5147,1 Vhwwlqj ￿ ’ A lq +514;, gholyhuv +5146, dqg wkxv wkh surplvhg
htxlydohqfh ehwzhhq +5145, dqg +5146,1 Pruh jhqhudoo|/ +f, pdnhv h{solflw wkh uhfxuvlylw| ri
xwlolw| dqg mxvwl￿hv wkh qdph uhfxuvlyh pxowlsoh0sulruv xwlolw| iru rxu prgho ri xwlolw|1
Frpsdulvrq ri +5149, dqg +5146, |lhogv vrph lqvljkw lqwr rxu frqvwuxfwlrq1 Li wkh yrodwlolw|
ri xwlolw| zhuh ghqrwhg e| ￿j| udwkhu wkdq j|/ wkhq wkh hvvhqwldo vxsuhpxp lq +5149, zrxog
eh uhsodfhg e| dq hvvhqwldo lq￿pxp/ sdudooholqj +5146,1 Zlwk wklv fkdqjh ri qrwdwlrq lq
plqg/ wkh lqwhjudo dqg gl￿huhqwldo fkdudfwhul}dwlrqv uhyhdo dq htxlydohqfh ehwzhhq wkh joredo
plqlpl}dwlrq ryhu SX dqg wkh frqwlqxdo lqvwdqwdqhrxv rswlpl}dwlrq ryhu X1
Wklv htxlydohqfh lv gxh wr rxu frqvwuxfwlrq ri X yld +518, dv uhfwdqjxodu1 Lw lv hdv| wr
xqghuvwdqg wkh lpsruwdqfh ri +518,1 E| +51:,/ wkh pd{lpxp lq +5149, lv htxdo wr 4@ +|MX| +|￿
j|/ wkh vroxwlrq ri zklfk dw hyhu| | dqg / lq jhqhudo shuplwv wkh rswlpl}hu pruh iuhhgrp
4<Wkh Jluvdqry Wkhruhp dqg wkh Pduwlqjdoh Uhsuhvhqwdwlrq Wkhruhp duh wkh nh| wrrov wkdw zh hpsor|
iurp vwrfkdvwlf fdofxoxv1 Wkh| duh vwdqgdug lq ￿qdqfh 0 vhh ^46‘/ iru h{dpsoh1 Vhfwlrq 715 h{sodlqv ixuwkhu
wkh uroh ri wkh Jluvdqry Wkhruhp lq rxu prgho1
47wkdq grhv wkh joredo rswlpl}dwlrq sureohp lq +5145,/ zkhuh d vlqjoh phdvxuh/ ru htxlydohqwo|/
d vlqjoh w/ pxvw eh fkrvhq dw wlph f1 Wkxv li rqh ehjlqv zlwk d jhqhudo qrquhfwdqjxodu vhw
X ri ghqvlw| jhqhudwruv/ orfdo dqg joredo rswlpl}dwlrq zrxog |lhog gl￿huhqw uhvxowv1 Wkhuh lv
htxlydohqfh khuh ehfdxvh +518, lpsrvhv wkdw X lv wkh Fduwhvldq surgxfw ri lwv surmhfwlrqv1
Jlyhq d qrquhfwdqjxodu X/ vxfk dv +519,/ wkhq sduwv +d, dqg +e, ri Wkhruhp 516 zrxog
|lhog glvwlqfw gh￿qlwlrqv ri xwlolw|1 Dgrswlqj wkh EVGH gh￿qlwlrq lq +d, zrxog gholyhu uhfxu0
vlylw| dqg khqfh g|qdplf frqvlvwhqf|/ exw qrw wkh pxowlsoh0sulruv irup +5145,1 Dowhuqdwlyho|/
fkrrvlqj wkh odwwhu e| gh￿qlqj xwlolw| yld +e, zrxog ylrodwh uhfxuvlylw|1 Wkrxjk hlwkhu rswlrq
pd| eh zruwk sxuvxlqj/ zh kdyh fkrvhq wr frqvwuxfw d prgho kdylqj erwk surshuwlhv dqg wr
rsw iru juhdwhu vshfl￿flw| udwkhu wkdq jhqhudolw|1
Wkh frplqj vhfwlrqv looxvwudwh/ lqwhusuhw dqg dsso| wkh uhfxuvlyh pxowlsoh0sulruv prgho ri
xwlolw|1 Iluvw/ zh phqwlrq vrph h{whqvlrqv1 Wkh dvvxpswlrq ri d Eurzqldq ￿owudwlrq fdq eh
uhod{hg dorqj wkh olqhv lqglfdwhg lq ^4;/ Vhfwlrq 814‘1 Wkh whuplqdo ydoxh ri f lq +5149, fdq
eh jhqhudol}hg dqg xwlolw| fdq eh zhoo0gh￿qhg zlwkrxw wkh Olsvfklw} k|srwkhvlv ^68‘1 Ilqdoo|/
zh vxvshfw wkdw wkh h{whqvlrq iurp d ￿qlwh krul}rq wr dq lq￿qlwh krul}rq fdq eh fduulhg rxw
lq pxfk wkh vdph zd| dv lw lv grqh lq ^47‘ iru vwrfkdvwlf gl￿huhqwldo xwlolw|1 Uhodwhg uhvxowv
iru EVGH*v gh￿qhg rq dq lq￿qlwh krul}rq pd| eh irxqg lq ^<‘ dqg ^75‘1
Ilqdoo|/ zh qrwh wkdw EVGH*v kdyh ehhq xvhg wr sulfh vhfxulwlhv lq pdunhwv wkdw ihdwxuh
lqfrpsohwhqhvv/ vkruw0vdoh frqvwudlqwv ru rwkhu lpshuihfwlrqv153 Wkhvh ohdg wr qrqolqhdu
EVGH*v fkdudfwhul}lqj +xsshu ru orzhu, sulfhv wkdw duh irupdoo| yhu| vlplodu wr wkh EVGH
+5149, xvhg khuh wr gh￿qh lqwhuwhpsrudo xwlolw|1 Wkh vlplodulw| lv vxjjhvwhg e| wkh idfw wkdw/
zlwk lpshuihfw pdunhwv/ qr0duelwudjh gholyhuv d qrqvlqjohwrq vhw ri htxlydohqw pduwlqjdoh
phdvxuhv1 Lq rxu vhwwlqj/ wkh pxowlsolflw| ri phdvxuhv dulvhv dw wkh ohyho ri xwlolw| dqg lv gxh
wr dpeljxlw| udwkhu wkdq ihdwxuhv ri wkh pdunhw1
61 H[DPSOHV
6141 Ghwhuplqlvwlf dqg Ulvn| Frqvxpswlrq Surfhvvhv
Lw lv lpsruwdqw wr nhhs lq plqg wkdw j| lv hqgrjhqrxv lq wkh EVGH +5149,1 Wr looxvwudwh
wklv hqgrjhqhlw| dqg wkh frqvhtxhqw ghshqghqfh ri j| rq wkh frqvxpswlrq surfhvv/ frqvlghu
+5149, iru wzr sduwlfxodu frqvxpswlrq surfhvvhv1 Iluvw/ vxssrvh wkdw S lv ghwhuplqlvwlf1 Wkhq
j| ’fdqg xwlolw| lv jlyhq e| wkh ruglqdu| gl￿huhqwldo htxdwlrq
_T| ’ ￿sES|cT |￿_|/ TA ’f 1
Wklv lv wkh prgho ri uhfxuvlyh xwlolw| iru ghwhuplqlvwlf frqvxpswlrq surfhvvhv sursrvhg lq
^53‘1
Iru wkh vhfrqg h{dpsoh/ ohw
- ’ i￿ G￿￿ ￿ ￿ _c Ew
￿
|￿’f iru doo w lq Xj dqg +614,







r G ￿ 5 -c r ￿ |
￿
1 +615,
Wkhq doo phdvxuhv lq SX djuhh zlwk ￿ i r uh y h q w vw k d wd u hI-
A 0phdvxudeoh dqg lw lv qdwxudo wr
ylhz vxfk hyhqwv dv xqdpeljxrxv ru sxuho| ulvn|1 Zh hoderudwh xsrq wklv lqwhusuhwdwlrq lq
Vhfwlrq 7151 Khuh zh zlvk phuho| wr foduli| wkh phfkdqlfv ri wkh EVGH +5149,1 Dffruglqjo|/
ohw S eh dgdswhg wr wkh ￿owudwlrq iI-
| j1 Wkhq j￿
| ’firu ￿ * 5 - dqg 4@ w w| ￿ j| ’f /
lpso|lqj wkdw wkh VGX xwlolw| surfhvv T ￿
| gh￿qhg lq +5147, lv wkh vroxwlrq wr +5149,1 Wkdw lv
ehfdxvh wkh frqvxpswlrq surfhvv S mxvw ghvfulehg lv ylhzhg e| wkh frqvxphu dv ehlqj sxuho|
ulvn|1
6151 Vwdqgdug Djjuhjdwru
Wkh djjuhjdwru xqghuo|lqj wkh h{shfwhg dgglwlyh xwlolw| prgho +415, lv
sESc￿￿’￿ES￿ ￿ q￿/ q ￿ f1 +616,
Iru wklv djjuhjdwru/ wkhuh h{lvwv d forvhg0irup uhsuhvhqwdwlrq iru uhfxuvlyh pxowlsoh0sulruv
xwlolw|/ dv zh qrz vkrz +dvvxplqj wkh dssursuldwh phdvxudelolw| iru ￿,1 E| Wkhruhp 516+e,/
lw lv hqrxjk wr kdyh d uhsuhvhqwdwlrq iru T
’
















3qEr3|￿ ￿ESr￿_r mI |
&
/ +617,
zklfk lv wkh ghvluhg forvhg0irup h{suhvvlrq1
Wzr srodu rssrvlwh uhdfwlrqv wr wklv ixqfwlrqdo irup vhhp srvvleoh1 Vrph uhdghuv pd|
￿qg lw wr eh wkh creylrxv* zd| wr irupxodwh d pxowlsoh0sulruv h{whqvlrq ri wkh xvxdo prgho
+415,/ shukdsv zlwk SX jhqhudol}hg wr vrph vhw ri sulruv S/ dqg wkhuhiruh pd| zrqghu
zk| wklv sdshu lv vr orqj dqg frpsolfdwhg1 Rwkhu uhdghuv pd| ihho wkdw wkh xwlolw| surfhvv
gholyhuhg e| +617, zloo eh ri olplwhg xvh ehfdxvh lw ylrodwhv g|qdplf frqvlvwhqf|1 Qhlwkhu
ylhz lv dffxudwh iru uhdvrqv jlyhq lq wkh glvfxvvlrq ri wkh htxlydohqfh ri sduwv +d, dqg +e, ri
Wkhruhp 5161 Lw pd| eh xvhixo wr hoderudwh voljkwo| rq wkdw glvfxvvlrq lq wkh frqwh{w ri wkh
vshfl￿f ixqfwlrqdo irup dydlodeoh khuh1
Zkloh +617, lv d qdwxudo jxhvv dv wr zkdw pljkw zrun/ g|qdplf frqvlvwhqf| lv d frqfhuq1






3qEr3|￿ ￿ESr￿_r n e
3qE￿3|￿ T￿ mI |
￿
/ | ￿ ￿1
G|qdplf frqvlvwhqf| iroorzv lpphgldwho|1 Lq frqwudvw/ wkh rshudwlrq ri wdnlqj dq lq￿pxp
+ryhu d vhw ri phdvxuhv, ri h{shfwhg ydoxhv lv qrw dgglwlyh/ ohdglqj rqh wr vxvshfw wkdw






3qEr3|￿ ￿ESr￿_r n e
3qE￿3|￿ T￿ mI |
￿
/ | ￿ ￿/
49lv ydolg +e| Wkhruhp 516+f,, dqg wklv lv vx!flhqw iru g|qdplf frqvlvwhqf|1 Krzhyhu/ wklv
uhfxuvlylw| lv gxh wr wkh vshfl￿f vhwv ri sulruv SX wkdw zh kdyh gh￿qhg> lw lv qrw wuxh pruh
jhqhudoo|1
Ilqdoo|/ wkh h{solflw h{suhvvlrq +617, iru xwlolw| fodul￿hv wkh frqqhfwlrq ehwzhhq rxu prgho
ri lqwhuwhpsrudo xwlolw| dqg wkh dwhpsrudo pxowlsoh0sulruv prgho1 Iluvw/ ehfdxvh lqwhuwhp0
srudo xwlolw| htxdov d orzhu hqyhorsh ri d froohfwlrq ri h{shfwhg xwlolw| ixqfwlrqv/ wkhuh lv d
pruh gluhfw sdudooho wr wkh dwhpsrudo prgho +514, wkdq lv srvvleoh iru jhqhudo djjuhjdwruv1





1 li ￿ ￿ |/ +618,
zkhuh % lv wkh ghwhuplqlvwlf dqg frqvwdqw frqvxpswlrq ohyho rq dfc|o dqg 1 5 u2ElcI|c￿￿
ghvfulehv wkh frqvwdqw frqvxpswlrq ohyho rq wkh lqwhuydo d|cAo1L iS￿ lv dqrwkhu vxfk surfhvv/
fruuhvsrqglqj wr wkh vdph | dqg % exw gl￿huhqw 1
￿/ wkhq
TfES
￿￿ ￿ TfES￿ +, 4￿?
’M￿X .’ ￿E1
￿￿ ￿ 4￿?
’M￿X .’ ￿E1￿1 +619,
Wkxv wkh ehkdylrudo surshuwlhv ri wkh dwhpsrudo pxowlsoh0sulruv prgho dsso| dovr wr wkh
udqnlqj ri vxfk sdluv ri frqvxpswlrq surfhvvhv154 D vlplodu vwdwhphqw lv ydolg iru d jhqhudo
djjuhjdwru s/ wkrxjk wkh xwlolw| lqgh{ ￿ pxvw eh uhsodfhg e| d vxlwdeoh ixqfwlrq ghulyhg
iurp s155
Wkh uhpdlqlqj h{dpsohv duh frqfhuqhg sulpdulo| zlwk looxvwudwlyh vshfl￿fdwlrqv iru X1
6161 V0Ljqrudqfh
Il{ d sdudphwhu V ’ EV￿c￿￿￿cV _￿ lq -_
n dqg wdnh
X|E￿￿’i+ 5 -




Ew|￿Gt ￿ Tim w
￿
| mGf ￿ | ￿ Aj￿V￿/ ￿ ’￿ c￿￿￿c_
r
1
Wkh iroorzlqj qrwdwlrq zloo eh xvhixo1 Ghqrwh e| m j| m wkh _0glphqvlrqdo yhfwru zlwk ￿|￿
frpsrqhqw m j￿
| m> vlploduo| iru rwkhu _0glphqvlrqdo yhfwruv1 Xvh wkh qrwdwlrq
r}?E%￿ ￿
+
m % m *% li % 9’f
f rwkhuzlvh/ +61:,







54Vhh ^:‘ iru dq h{kdxvwlyh vhw ri ehkdylrudo lpsolfdwlrqv/ wkdw lv/ iru dq d{lrpdwl}dwlrq1 Wkh d{lrpdwl}dwlrq
lq ^5;‘ lv irupxodwhg lq wkh frqwh{w ri wkh Dqvfrpeh0Dxpdqq grpdlq ri wzr0vwdjh dfwv dqg wkxv lv qrw uhdglo|
wudqvodwhg wr rxu vhwwlqj1
55Zlwk w dqg { ￿{hg/ gh￿qh X+{, ￿ *+3, zkhuh *+W, @3dqg g*+v,@gv @ ￿i+{>*+v,, rq ^w>W‘ dqg
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Frqvhtxhqwo|/ wkh xwlolw| surfhvv vroyhv
_T| ’d ￿sES|cT |￿nV￿mj| mo_| n j| ￿ _‘|/ TA ’f 1 +61<,
Wkrxjk lw lv fxvwrpdu| wr wklqn ri d yrodwlolw| vxfk dv j| dv wlhg wr ulvn/ wkh deryh EVGH
fdqqrw eh gholyhuhg zlwklq wkh ulvn iudphzrun ri ^47‘1 Zh lqwhusuhw wkh whup V￿mj| m dv
prgholqj dpeljxlw| dyhuvlrq udwkhu wkdq ulvn dyhuvlrq +vhh Vhfwlrq 716,1 Wkh frqqhfwlrq
ehwzhhq V dqg dpeljxlw| dyhuvlrq lv looxvwudwhg lqirupdoo| e| uhihuulqj edfn wr wkh Hoovehuj0
w|sh udqnlqjv lq +414,1 Wkh| fdq eh dffrpprgdwhg zlwklq wkh suhvhqw prgho e| wdnlqj
V￿ ’fdqg V2 : f1
6171 LLG Dpeljxlw|
Iru d jhqhudol}dwlrq ri V0ljqrudqfh/ ohw g ￿ +_ eh d frpsdfw dqg frqyh{ vhw frqwdlqlqj wkh
ruljlq dqg gh￿qh
X|E￿￿’g iru doo |1
Uhfdoolqj wkh lqwhusuhwdwlrq ri X|E/￿ dv wkh vhw ri rqh0vwhs0dkhdg frqglwlrqdov/ wkh frqvwdqf|
ri wklv vhw lqglfdwhv wkh odfn ri ohduqlqj iurp gdwd1 Dv ghvfulehg lq wkh lqwurgxfwlrq/ wkhuh duh
vlwxdwlrqv lq zklfk vrph ihdwxuhv ri wkh hqylurqphqw uhpdlq dpeljxrxv hyhq dv|pswrwlfdoo|1
Wkh fxuuhqw vshfl￿fdwlrq prghov wkh djhqw diwhu kh kdv ohduqhg doo wkdw kh fdq1 Wkh odeho
cLLG dpeljxlw|* lv qdwxudo jlyhq wkh dqdorj| zlwk wkh fdvh ri d vlqjoh0sulru wkdw lqgxfhv rqh0
vwhs0dkhdg frqglwlrqdov wkdw duh frqvwdqw dfurvv wlph dqg vwdwhv> ixuwkhu vxssruw lv jlyhq lq
Vhfwlrq 7171
Wkh xwlolw| surfhvv jhqhudwhg e| wklv vshfl￿fdwlrq iru iX|j vroyhv
_T| ’ d￿sES|cT |￿neEj|￿o_| n j| ￿ _‘|/ TA ’f /
zkhuh eE￿￿ lv wkh vxssruw ixqfwlrq iru g gh￿qhg e|
eE%￿ ’ 4@ 
+Mg
+ ￿ %/ % 5 +
_/ +6143,
fruuhvsrqglqj wr d vshfldo fdvh ri +51;, zkhuh wkh vxssruw ixqfwlrq lv lqghshqghqw ri erwk
wlph dqg wkh vwdwh1
E| wkh wkhru| ri vxssruw ixqfwlrqv ^79‘/ wkh surfhvv w




| 5 YeEj|￿ iru hyhu| |/ +6144,
4;zkhuh YeE%￿ ghqrwhv wkh vhw ri vxejudglhqwv ri e dw %1 Wklv uhodwlrq jhqhudol}hv +61;,1
Ghqrwh e| g￿ wkh surmhfwlrq ri g rqwr wkh ￿|￿ fr0ruglqdwh gluhfwlrq dqg ohw _￿ ghqrwh
erwk i￿ ￿ ￿ ￿ _ G g￿ 9’ ifjj dqg lwv fduglqdolw|1 Zh fdq ghfrpsrvh g lqwr d surgxfw
if_3_￿j￿g￿/ zkhuh g￿ ￿ +_￿1 Lw zloo eh frqyhqlhqw wr dgg wkh dvvxpswlrq wkdw
f_￿ 5 ￿?|Eg￿￿ ￿ +
_￿1 +6145,
Lq zrugv/ iru wkrvh surfhvvhv E‘ ￿
|￿￿M_￿ iru zklfk wkhuh lv qrw frpsohwh frq￿ghqfh wkdw ￿
ghvfulehv wkh xqghuo|lqj glvwulexwlrq/ wkhq ￿ lv qrw rq wkh cerxqgdu|* ri wkh vhw ri dowhuqdwlyh
frqfhlydeoh phdvxuhv1 Wkh fruuhvsrqglqj surshuw| ri e lv wkdw/ iru doo % 5 +_/56
eE%￿’f’ , %￿ ’f iru doo ￿ vxfk wkdw g￿ 9’ ifj1 +6146,
Wkh dvvxpswlrq +6145, lv lqfoxghg lq dq| uhihuhqfh ehorz wr LLG dpeljxlw|1
Wkh vshfldo fdvh g ’ i+ 5 +_ Gm +￿ m￿ V￿ doo ￿j gholyhuv V0ljqrudqfh1 Dq dowhuqdwlyh
vshfldo fdvh kdv
g ’ i+ 5 +
_ GP t￿GV￿￿’f￿ V
3￿
￿ m +￿ m
2 ￿ ￿j/ +6147,
zkhuh V ’ EV￿c￿￿￿cV_￿ ￿ f/ ohdglqj wr eE%￿’EV￿%2￿￿*2> %2 ghqrwhv wkh _0glphqvlrqdo yhfwru
zlwk ￿|￿ frpsrqhqw %2
￿1
E| uhvwulfwlqj wkh djjuhjdwru s/ zh fdq frpsxwh xwlolw| h{solflwo| iru frqvxpswlrq surfhvvhv
ri wkh irup
_S|*S| ’ >
S _| n r
S _‘|/ +6148,




iru vrph q ￿ f dqg qrq}hur 4/ k ￿ ￿157 Wklv lv wkh frqwlqxrxv0wlph yhuvlrq ri wkh vr0
fdoohg Nuhsv0Sruwhxv ixqfwlrqdo irup ^47/ s1 69:‘1 Lw lv dwwudfwlyh ehfdxvh wkh ghjuhh ri
lqwhuwhpsrudo vxevwlwxwlrq dqg ulvn dyhuvlrq duh prghohg e| wkh vhsdudwh sdudphwhuv 4 dqg
k uhvshfwlyho|1 Wkh krprwkhwlf yhuvlrq ri wkh vwdqgdug djjuhjdwru +616,/ zlwk￿ES￿’Sk *k/
lv rewdlqhg zkhq k ’ 41
Wkh fruuhvsrqglqj xwlolw| surfhvv fdq eh frpsxwhg h{solflwo| e| yhuli|lqj wkh wuldo vrox0
wlrq













56h+{, @3l￿ | ￿ { ￿ 3 iru doo | 5 N1 Vxssrvh wkhuh h{lvwv l vxfk wkdw Nl 9@ i3j1 +Rwkhuzlvh/ +6146, lv
reylrxv1, Wkhq lw iroorzv iurp +6145, wkdw {l @3 1 +Wkh uhyhuvh lpsolfdwlrq lq +6146, lv hylghqwo| dovr wuxh1,
Dowhuqdwlyho|/ +6145, lv htxlydohqw wr wkh dvvxpswlrq wkdw wkh srodu ri N lv i3j1
57Wklv djjuhjdwru ylrodwhv wkh Olsvfklw} frqglwlrq iru Wkhruhp 516 dqg wkxv h{lvwhqfh ri xwlolw| lv qrw
hqvxuhg1 Vhh ixuwkhu glvfxvvlrq lq Vhfwlrq 8151
4<b ’ q ￿ 4E>









Hylghqwo| wkh xwlolw| ri wkh jlyhq frqvxpswlrq surfhvv lv lqfuhdvlqj lq lqlwldo frqvxpswlrq
dqg lq E>S ￿ E￿ ￿k￿rS ￿ rS*2 ￿ eErS￿￿/ wkh phdq jurzwk udwh dgmxvwhg erwk iru ulvn +yld wkh
vhfrqg whup, dqg dpeljxlw| +yld wkh wklug whup,1 Vxssruw iru wkh odwwhu lqwhusuhwdwlrq zloo
iroorz lq Vhfwlrq 716 iurp wkh lqwhusuhwdwlrq surylghg wkhuh iru k dqg eE￿￿1 Revhuyh wkdw wkh
ulvn suhplxp lv txdgudwlf lq wkh frqvxpswlrq yrodwlolw| rS/ zkhuhdv wkh dpeljxlw| suhplxp
lv olqhduo| krprjhqhrxv lq rS1 Wkh dpeljxlw| suhplxp lv V￿mrS m lq wkh fdvh ri V0ljqrudqfh1
Iru ixuwkhu lqwhusuhwdwlrq ri eE￿￿ vhh Ohppd D151
71 SURSHUWLHV ri XWLOLW\
Xqghu vxlwdeoh dvvxpswlrqv/ wkh xwlolw| ixqfwlrq zh kdyh gh￿qhg kdv d qxpehu ri fodvvlfdo
surshuwlhv/ vxfk dv prqrwrqlflw|/ frqfdylw| dqg frqwlqxlw|1 Wkh| fdq eh suryhq dv lq ^47‘ ru
^4;/ Sursrvlwlrq 618‘1 Dv qrwhg sulru wr Wkhruhp 516/ g|qdplf frqvlvwhqf| lv dq lpphgldwh
frqvhtxhqfh ri wkh uhfxuvlyh frqvwuxfwlrq ri xwlolw| yld +5149,158
Lq wkh vhtxho/ zh irfxv sulpdulo| rq surshuwlhv ri suhihuhqfh uhodwhg wr dpeljxlw|1
7141 Ehkdylrudoo| Glvwlqfw iurp VGX
Zh kdyh uhihuuhg wr rxu prgho ri xwlolw| dv dffrpprgdwlqj dpeljxlw| dyhuvlrq dqg dv glvwlqfw
iurp VGX dqg doo rwkhu prghov ri +frqwlqxrxv0wlph, lqwhuwhpsrudo xwlolw|1 Khuh dqg lq wkh
qh{w wzr vhfwlrqv zh h{dplqh wkhvh fodlpv pruh fduhixoo|1
Frqvlghu wkh frpsdulvrq zlwk VGX1 Wkrxjk wkh gh￿qlqj EVGH*v +5147, dqg +5149, dsshdu
gl￿huhqw/ krz gr zh nqrz wkdw wkh odwwhu frxog qrw eh jhqhudwhg e| wkh VGX prghoB Wkh
dujxphqw wr wkh frqwudu| zrxog eh wkdw wkh xwlolw| surfhvv T|/ ru dw ohdvw vrph prqrwrqlf
wudqvirup T | ’ ￿ET|￿/ frxog dowhuqdwlyho| eh jhqhudwhg e| vrph djjuhjdwru } gl￿huhqw iurp
s/ dqg e| wkh vlqjohwrq vhw X’ifj ri ghqvlw| jhqhudwruv1 Lq wkdw fdvh/ xwlolw| zrxog
eh dq lqvwdqfh ri wkh VGX prgho/ lq zklfk rqo| ulvn pdwwhuv/ uhixwlqj wkh vxjjhvwlrq wkdw
dpeljxlw| dyhuvlrq lv qhfhvvdulo| lqwurgxfhg yld d qrqvlqjohwrq X1 Krzhyhu/ lw lv hdvlo| vhhq
yld Lwr*v Ohppd wkdw li ￿ lv wzlfh frqwlqxrxvo| gl￿huhqwldeoh/ wkhq T | grhv qrw vroyh d EVGH
ri wkh irup +5149,1 D +vprrwk, prqrwrqlf wudqvirupdwlrq grhv qrw lqwurgxfh lqwr wkh guliw
d whup wkdw lv olqhduo| krprjhqhrxv lq j|/ zklfk lv d qrwhzruwk| dqg glvwlqjxlvklqj ihdwxuh
ri +5149,159
Dq dowhuqdwlyh dqg pruh vdwlvidfwru| frpsdulvrq zrxog ghprqvwudwh wkdw uhfxuvlyh pxowlsoh0
sulruv xwlolw| dqg VGX duh ehkdylrudoo| glvwlqfw1 Wkh Hoovehuj0w|sh udqnlqjv lq +414, looxvwudwh
58Pruh suhflvho|/ lw iroorzv iurp wkh Frpsdulvrq Wkhruhp D14 iru EVGH*v vwdwhg lq Dsshqgl{ D1
59Vhh ^47/ Vhfwlrq 616‘ iru wkh uhodwlrq ehwzhhq d vprrwk prqrwrqlf wudqvirupdwlrq ri xwlolw| dqg wkh jhqhu0
dwlqj EVGH1 Iru xwlolw| wudqvirupdwlrqv wkdw duh qrw vprrwk exw duh frqyh{/ wkh fruuhvsrqglqj jhqhudol}dwlrq
ri Lwr*v Ohppd lqyroyhv wkh qrwlrq ri ￿orfdo wlph￿/ dqg wkxv dovr idlov wr gxsolfdwh +5149,1
53vxfk d glvwlqfwlrq> wkhvh udqnlqjv duh frqvlvwhqw zlwk vrph pxowlsoh0sulruv xwlolw| ixqfwlrqv
+vhh Vhfwlrq 616/ iru h{dpsoh, exw qrw zlwk dq| VGX ixqfwlrqv1 Zh zrxog olnh wr jhqhudol}h
iurp wklv h{dpsoh dqg wr eurdghq wkh frpsdulvrq wr lqfoxgh xwlolw| ixqfwlrqv rwkhu wkdq
VGX1
D fhqwudo ihdwxuh ri doo frqwlqxrxv0wlph lqwhuwhpsrudo xwlolw| ixqfwlrqv lq wkh fxuuhqw
olwhudwxuh lv wkdw wkh| duh cedvhg rq suredelolwlhv1* Wr jlyh suhflvh phdqlqj wr wkh odwwhu
whup/ dgrsw d yduldwlrq ri suredelolvwlf vrsklvwlfdwlrq dv gh￿qhg e| Pdfklqd dqg Vfkphlgohu1
Ghqrwh e| (￿ ￿ ( wkh vhw ri frqvxpswlrq surfhvvhv S vxfk wkdw +l, S| lv ghwhuplqlvwlf iru
f ￿ ￿￿|dqg +ll, S￿ lv I|0phdvxudeoh iru hdfk | ￿ ￿ ￿ A1 Surfhvvhv lq (| duh vxfk wkdw
doo xqfhuwdlqw| lv uhvroyhg dw wkh vlqjoh lqvwdqw | dqg wkxv zh uhihu wr hohphqwv lq ^A
|’f(| dv
wlphohvv survshfwv15: Fdoo wkh xwlolw| ixqfwlrq T G ( ￿$ +￿ suredelolvwlfdoo| vrsklvwlfdwhg iru
wlphohvv survshfwv li/ iru hyhu| f ￿ | ￿ A/ T uhvwulfwhg wr (| lv suredelolvwlfdoo| vrsklvwlfdwhg
lq wkh vhqvh ri Pdfklqd dqg Vfkphlgohu1
Zkhq dssolhg wr wkh xwlolw| ixqfwlrq T rq (/ wkh Pdfklqd dqg Vfkphlgohu qrwlrq uhtxluhv
csulpdulo|* wkdw wkhuh h{lvwv d suredelolw| phdvxuh ’ rq ElcIA￿ vxfk wkdw wkh xwlolw| ri
dq| S ghshqgv rqo| rq wkh suredelolw| glvwulexwlrq lqgxfhg e| S Gl$ +￿dfcAo dqg ’1
Krzhyhu/ lw lpsrvhv dovr/ wkurxjk wkhlu dgrswlrq ri wkh Vdydjh d{lrp ￿￿ ru wkh dvvrfldwhg
surshuw| ri prqrwrqlflw| zlwk uhvshfw wr c￿uvw0rughu vwrfkdvwlf grplqdqfh*/ uhvwulfwlrqv rq
lqwhuwhpsrudo dvshfwv ri suhihuhqfh wkdw kdyh qrwklqj wr gr zlwk suredelolwlhv1 Iru h{dpsoh/
VGX lv suredelolvwlfdoo| vrsklvwlfdwhg lq wkhlu vhqvh rqo| lq wkh vshfldo fdvh ri wkh vwdqgdug
lqwhuwhpsrudoo| dgglwlyh h{shfwhg xwlolw| ixqfwlrq1 Wkh uhvwulfwlrq wr wlphohvv survshfwv lv
lqwhqghg h{dfwo| wr h{foxgh vxfk h{wudqhrxv uhvwulfwlrqv dqg wr lvrodwh wkh surshuw| wkdw
suhihuhqfh lv edvhg rq suredelolwlhv1
Rxu dgrswlrq ri d zhdnhu qrwlrq ri suredelolvwlf vrsklvwlfdwlrq pdnhv wkh srlqwv wr iroorz
vwurqjhu1 Dovr/ wkh d{lrpdwl}dwlrq lq ^6:‘ pd| eh dgdswhg wr gholyhu dq d{lrpdwl}dwlrq ri
rxu prgl￿hg qrwlrq1 Wkxv suredelolvwlf vrsklvwlfdwlrq iru wlphohvv survshfwv lv d phdqlqjixo
ehkdylrudo qrwlrq1 Ilqdoo|/ lw lv vdwlv￿hg e| doo h{lvwlqj prghov ri frqwlqxrxv0wlph xwlolw|/
exw w|slfdoo| qrw e| wkh pxowlsoh0sulruv prgho/ dv zh qrz vkrz1
Wkhruhp 7141 Vxssrvh wkdw wkh uhfxuvlyh pxowlsoh0sulruv xwlolw| ixqfwlrq T gh￿qhg lq Wkh0
ruhp 516 lv suredelolvwlfdoo| vrsklvwlfdwhg iru wlphohvv survshfwv1 Vxssrvh dovr wkdw
w
￿
| ’f iru doo w lq X> +714,
wkdw lv/ doo phdvxuhv lq SX djuhh zlwk ￿ rq hyhqwv lq I￿
A1 Wkhq X’ifj dqg wkxv T
frqirupv wr wkh VGX prgho +5144,1
Zh vxvshfw/ exw kdyh qrw pdqdjhg wr suryh/ wkdw wkh dvvxpswlrq +714, fdq eh gursshg1
Prgxor wklv dvvxpswlrq/ wkh wkhruhp vkrzv wkdw suredelolvwlf vrsklvwlfdwlrq iru wlphohvv
survshfwv glvwlqjxlvkhv suhylrxv prghov ehkdylrudoo| iurp uhfxuvlyh pxowlsoh0sulruv xwlolw|1
5:Wkh surfhvv gh￿qhg lq +618, lv rqh h{dpsoh1
547151 Dpeljxlw|
Ehjlq zlwk vrph lqirupdo uhpdunv derxw wkh qdwxuh ri wkh dpeljxlw| prghohg yld uhfxuvlyh
pxowlsoh0sulruv xwlolw|1 Iru dq| jlyhq ’ lq SX/ zh nqrz iurp Jluvdqry*v Wkhruhp dssolhg











A ’f / +715,
zkhuh ‘
’
| lv d Eurzqldq prwlrq xqghu ’1 Wkxv lw lv dv wkrxjk wkh frqvxphu lv fhuwdlq
krz wr frpsxwh xwlolw|/ qdpho| e| vroylqj d EVGH kdylqj wkh vshfl￿f irup lqglfdwhg/ exw
lv qrw fhuwdlq zklfk gulylqj surfhvv ‘
’
| lv fruuhfw1 Wklv xqfhuwdlqw| lv hydoxdwhg wkurxjk d
plqlpl}dwlrq ryhu doo csrvvleoh* surfhvvhv ‘
’
| dv ’ ydulhv ryhu SX1 Wkh sulplwlyh surfhvv
‘| ’ ‘ ￿
| lv exw rqh ri wkhvh1 Wklv lqwhusuhwdwlrq fdq eh sxvkhg ixuwkhu ehfdxvh +e|
Jluvdqry*v Wkhruhp, li ’ ’ ’w/ wkhq ‘
’





| ￿_‘| ’ w| _|￿ +716,
Wkxv dpeljxlw| frqfhuqv +dqg lv olplwhg wr, wkh guliw ri wkh gulylqj surfhvv1 Wkh idfw wkdw
dpeljxlw| lv olplwhg wr wkh guliw pd| vhhp ryhuo| uhvwulfwlyh/ exw lw lv d frqvhtxhqfh ri wkh
Eurzqldq hqylurqphqw dqg wkh dvvxpswlrq ri devroxwh frqwlqxlw|1
Dowhuqdwlyho|/ rqh frxog wklqn lq whupv ri d ￿{hg gulylqj surfhvv E‘|￿ dqg d pxowlsolflw|
ri phdvxuhv wkdw ghwhuplqh dowhuqdwlyh glvwulexwlrqv iru E‘|￿1 Rqo| rqh ri wkhvh phdvxuhv/
qdpho| ￿/ pdnhv wkh gulylqj surfhvv d Eurzqldq prwlrq1 Wkxv wkhuh lv dpeljxlw| derxw
zkhwkhu E‘|￿ lv d Eurzqldq prwlrq1
Zh dwwhpsw qrz wr wuhdw dpeljxlw| pruh irupdoo|1 Dw d irupdo ohyho/ dv dujxhg lq
^4<‘ dqg ^58‘/ dpeljxlw| +ru xqdpeljxlw|, lv prvw qdwxudoo| gh￿qhg dv d surshuw| ri hyhqwv
+hohphqwv ri IA,1 Frqvhtxhqwo|/ dpeljxlw| derxw zkhwkhu E‘|￿ lv d Eurzqldq prwlrq zrxog
eh h{suhvvhg lq whupv ri dpeljxlw| ri hyhqwv gh￿qhg e| wkh ‘|*v1 Ixuwkhu/ rqfh wkh fodvv
X￿I A ri xqdpeljxrxv hyhqwv lv jlyhq/ frqvxpswlrq surfhvvhv wkdw duh dgdswhg wr iX _I|j
duh qdwxudoo| ylhzhg dv xqdpeljxrxv> uhpdlqlqj surfhvvhv duh dpeljxrxv1 Wkh uhvwulfwlrq
ri xwlolw| T wr xqdpeljxrxv frqvxpswlrq surfhvvhv hperglhv dwwlwxghv wrzdugv ulvn1 Wkh
ghflvlrq0pdnhu*v dwwlwxgh wrzdugv dpeljxlw|/ rq wkh rwkhu kdqg/ lv uh hfwhg lq wkh zd| lq
zklfk dpeljxrxv surfhvvhv duh udqnhg uhodwlyh wr xqdpeljxrxv rqhv +lq d vhqvh wr eh pdgh
suhflvh,1 Lq wklv zd| d frqfhswxdo glvwlqfwlrq fdq eh dfklhyhg ehwzhhq dwwlwxghv wrzdugv ulvn
dqg wrzdugv dpeljxlw|1 +Vhh wkh qh{w vhfwlrq1,
Lw uhpdlqv wr vshfli| X1 Lw lv whpswlqj wr wklqn ri xqdpeljxrxv hyhqwv dv wkrvh hyhqwv
zkhuh doo phdvxuhv lq SX djuhh/ wkdw lv/
X ’ i￿ 5I A G ’E￿￿’￿E￿￿ iru doo ’ lq S
Xj1 +717,
Doo rwkhu hyhqwv zrxog eh fdoohg dpeljxrxv1
Zkloh vhhplqjo| lqwxlwlyh/ +717, idoov vkruw dv d gh￿qlwlrq ri xqdpeljxrxv hyhqwv1 Lqghhg/
ehfdxvh +717, dprxqwv wr d uhvwulfwlrq rq wkh ixqfwlrqdo irup iru xwlolw|/ lwv lqwhusuhwdwlrq
dqg lqwxlwlyh dsshdo duh xqfohdu xqohvv wklv uhvwulfwlrq fdq eh uhodwhg wr ehkdylru1 Dv dujxhg
55lq Vhfwlrq 417/ wr eh vdwlvidfwru|/ d gh￿qlwlrq ri xqdpeljxrxv hyhqwv pxvw eh h{suhvvhg lq
whupv ri revhuydeoh +dw ohdvw lq sulqflsoh, fkrlfh ehkdylru1
Iruwxqdwho|/ wkhuh h{lvw wzr ehkdylrudo ru suhihuhqfh0edvhg gh￿qlwlrqv lq wkh olwhudwxuh
dqg zh fdq fkhfn zkhwkhu wkh| gholyhu +717, dv wkh fkdudfwhul}dwlrq ri xqdpeljxrxv hyhqwv
iru wkh uhfxuvlyh pxowlsoh0sulruv xwlolw| ixqfwlrq1 Wkh dqvzhu lv lpphgldwho| c|hv* iru wkh
gh￿qlwlrq sursrvhg e| Jkludugdwr dqg Pdulqdffl ^5:‘1 Rxu +vxemhfwlyho|, suhihuuhg gh￿qlwlrq
lv wkh rqh sursrvhg e| Hsvwhlq dqg ]kdqj1 Wkrxjk zh kdyh qrw |hw vxffhhghg lq frqvwuxfwlqj
d surri/ zh vwurqjo| vxvshfw wkdw +717, lv ydolg dovr iru wklv gh￿qlwlrq15; Zh surfhhg rq wkh
edvlv ri wkh hylghqfh dqg vxvslflrqv mxvw ghvfulehg wr dffhsw +717, dv wkh ghvljqdwlrq ri wkh
fodvv ri xqdpeljxrxv hyhqwv1
Lw lv frqyhqlhqw wr kdyh d ixuwkhu fkdudfwhul}dwlrq lq whupv ri wkh sulplwlyh vhw ri ghqvlw|





|￿Gw 5 Xj/ ￿ ’￿ c￿￿￿c_1
Ghqrwh e| iI￿
|j wkh ￿owudwlrq jhqhudwhg e| wkh ￿|￿ gulylqj surfhvv E‘ ￿
|￿1 Iru LLG dpeljxlw|/
zh fdq suryh=
Ohppd 7151 Ohw X fruuhvsrqg wr LLG dpeljxlw|1 Wkhq iru dq| 8 5I A/ doo phdvxuhv lq
SX djuhh rq 8 +wkdw lv/ ’E8￿’￿E8￿ iru doo ’ lq SX, li dqg rqo| li= Iru hdfk ￿/
X




X ’ i8 5I A G iru hdfk ￿/X
￿ ’ ifj ru￿E8 mI
￿
A￿’fru ￿j1
Wr looxvwudwh/ lq wkh V0ljqrudqfh prgho ohw V￿ ’fdqg V￿ : f iru ￿:￿1 Wkhq hyhqwv
wkdw duh ghwhuplqhg e| wkh ￿uvw gulylqj surfhvv E‘ ￿
| ￿ duh xqdpeljxrxv> doo rwkhu hyhqwv duh
dpeljxrxv1
7161 Ulvn dqg Dpeljxlw| Dyhuvlrq
Jlyhq wkh suhfhglqj ghvljqdwlrq ri xqdpeljxrxv hyhqwv/ zh fdq surfhhg dv rxwolqhg lq wkh
suhylrxv vhfwlrq1 Wkh dssurdfk dgyrfdwhg lq ^4<‘ dqg ^58‘ lv dgrswhg wr gh￿qh wkh glvwlqfw
qrwlrqv ri dpeljxlw| dyhuvlrq dqg ulvn dyhuvlrq1 Ixuwkhu ghwdlov dqg dq h{sdqghg glvfxvvlrq
pd| eh irxqg lq wkhvh sdshuv1
Iluvw/ gh￿qh S wr eh dq xqdpeljxrxv frqvxpswlrq surfhvv li S| lv X0phdvxudeoh iru hdfk
|￿A1 Zkhq lw lv lpsruwdqw wr pdnh h{solflw wkh xqghuo|lqj xwlolw| ixqfwlrq/ uhihu wr S dv
T 0xqdpeljxrxv1
5;Li X lv gh￿qhg dv lq ^58‘/ wkhq c￿*l q+717, lv hdvlo| yhul￿hg1 Iru wkh frqyhuvh/ zh kdyh d surri +dydlodeoh rq
uhtxhvw, wkdw/ xqghu ￿0ljqrudqfh dqg iru d codujh fodvv* E ri hyhqwv/ li E lq E lv xqdpeljxrxv/ wkhq doo phdvxuhv
lq S￿ djuhh rq E1 Wkh fodvv E lqfoxghv doo hyhqwv E ri wkh irup E @ i$ 5 ￿=*+Zw4>===>Z wc, ￿ dj zkhuh
d 5 Up dqg * =U c ￿$ Up lv frqwlqxrxv dqg vwulfwo| lqfuhdvlqj1
56Jlyhq xwlolw| ixqfwlrqv T dqg T W zlwk fruuhvsrqglqj fodvvhv X dqg XW ri xqdpeljxrxv








iru doo frqvxpswlrq surfhvvhv S dqg S￿@/ wkh odwwhu T W0xqdpeljxrxv1 Wkh lqwhusuhwdwlrq lv
wkdw li T suhihuv wkh T W0xqdpeljxrxv surfhvv S￿@/ zklfk lv dovr xqdpeljxrxv iru T /w k h q
vr vkrxog wkh pruh dpeljxlw| dyhuvh T W1 Wkh qhvwlqj frqglwlrq +719, hqvxuhv wkdw wkh pruh
dpeljxlw| dyhuvh ghflvlrq0pdnhu ylhzv pruh hyhqwv dv dpeljxrxv1 Ri frxuvh/ X dqg XW pd|
frlqflgh1
Vd| wkdw T W lv pruh ulvn dyhuvh wkdq T li erwk
X￿ X
W dqg +71;,





iru doo T 0xqdpeljxrxv frqvxpswlrq surfhvvhv S￿@ dqg ghwhuplqlvwlf surfhvvhv S1 V|pphwulf
zlwk wkh sulru gh￿qlwlrq/ wkh pruh +ulvn, dyhuvh djhqw lv dvvxphg/ yld +71;,/ wr shufhlyh pruh
ulvn1 Lpsolflw lv wkh suhvxpswlrq wkdw cxqdpeljxrxv* dqg culvn|* duh v|qrq|prxv dqg wkxv
wkdw xqdpeljxrxv frqvxpswlrq surfhvvhv frqvwlwxwh wkh dssursuldwh vxegrpdlq iru h{sorulqj
ulvn dwwlwxghv1 Iru frpsdudwlyh sxusrvhv/ cxqdpeljxrxv* pxvw dsso| wr erwk xwlolw| ixqfwlrqv
dqg khqfh phdq cT 0xqdpeljxrxv*1 Ilqdoo|/ wkh lqwxlwlrq iru wkh gh￿qlwlrq lv wkdw dq| ulvn|
surfhvv wkdw lv glvolnhg e| T uhodwlyh wr d ulvnohvv S/ vkrxog eh glvolnhg dovr e| wkh pruh ulvn
dyhuvh T W15<
Frqvlghu dq h{wuhph fdvh zkhuh
X
W ’ i>c lj/
wkdw lv/ doo qrqwulyldo hyhqwv duh dpeljxrxv dffruglqj wr T W1 Wkhq T W lv pruh ulvn dyhuvh wkdq
T li dqg rqo| li X ’ i>c lj dqg T W dqg T djuhh lq wkh udqnlqj ri ghwhuplqlvwlf surfhvvhv1
Wklv pd| vhhp rgg dw ￿uvw jodqfh/ exw lv d qdwxudo frqvhtxhqfh ri wkh idfw wkdw wkhuh lv qr
ulvn dffruglqj wr hlwkhu djhqw1 Dffruglqjo|/ gl￿huhqfhv lq wkh cfhuwdlqw| htxlydohqwv* dvvljqhg
wr dq| frqvxpswlrq surfhvv e| T dqg T W duh dwwulexwhg hqwluho| wr gl￿huhqfhv lq dpeljxlw|
dyhuvlrq1 Lq sduwlfxodu/ lq wklv fdvh T W lv pruh dpeljxlw| dyhuvh wkdq T li dqg rqo| li
T ES￿ ￿ E:￿T ES￿’ , T
WES￿ ￿ E:￿T
WES￿/
iru doo S dqg S/ wkh odwwhu ghwhuplqlvwlf1 Vlploduo|/ dpeljxlw| dyhuvlrq lv xqlqwhuhvwlqj dw wkh
rwkhu h{wuhph zkhuh XW ’ IA/ wkdw lv/ wkhuh lv qr dpeljxlw|1
Wkh gh￿qlwlrqv duh ehvw fodul￿hg e| dssolfdwlrq wr fdqrqlfdo ixqfwlrqdo irupv 0 Nuhsv0
Sruwhxv djjuhjdwruv +6149, dqg V0ljqrudqfh iru X1 Wkh xwlolw| ixqfwlrq T jhqhudwhg e| dq|
5<Devroxwh qrwlrqv ri dpeljxlw| dqg ulvn dyhuvlrq frxog eh irupxodwhg dv zhoo/ exw wkh| duh ohvv lpsruwdqw
dqg duh wkxv rplwwhg lq wkh lqwhuhvw ri euhylw|1
57vxfk sdlu EscX￿ fdq eh lghqwl￿hg zlwk d txduwhw ri sdudphwhuv Eqc4ckcV￿1 Wkh whpswdwlrq/
wr zklfk zh kdyh |lhoghg deryh/ lv wr lqwhusuhw q dqg 4 dv ghvfulelqj wlph suhihuhqfh dqg
zloolqjqhvv wr vxevwlwxwh lqwhuwhpsrudoo| jlyhq ghwhuplqlvwlf surfhvvhv/ k dv d ulvn dyhuvlrq
sdudphwhu dqg wr ylhz V dv prgholqj dpeljxlw| dyhuvlrq1 Sduwldo vxssruw lv surylghg e| wkh
idfwv wkdw wkh udqnlqj ri ghwhuplqlvwlf surfhvvhv xqltxho| ghwhuplqhv q dqg 4 dqg wkdw lw lv
xqd￿hfwhg e| k dqg V1 Dgglwlrqdo vxssruw iru wkh deryh lqwhusuhwdwlrqv lv ghvfulehg qh{w163
Wkhruhp 7161 +l, Eq
Wc4 Wck WcV W￿ lv pruh dpeljxlw| dyhuvh wkdq Eqc4ckcV￿ li
Eq
Wc4 Wck W￿’E qc4ck￿ dqg VW ￿ V1 Wkh frqyhuvh lv wuxh li VW
￿ ’firu vrph ￿1
+ll, Eq
Wc4 Wck WcV W￿ lv pruh ulvn dyhuvh wkdq Eqc4ckcV￿ li Eq
Wc4 W￿’E qc4￿/ kW ￿ k dqg
iru hdfk ￿/ V￿ ’flpsolhv VW
￿ ’f 1 Wkh frqyhuvh lv wuxh li V￿ ’firu vrph ￿1
Dpeljxlw| dyhuvlrq dorqh lv lqfuhdvhg e| lqfuhdvlqj wkh ljqrudqfh sdudphwhu/ zkloh ulvn
dyhuvlrq dorqh lv lqfuhdvhg e| uhgxflqj k1 Lq wklv frpsdudwlyh vhqvh wkhvh wzr dvshfwv ri
suhihuhqfh duh prghohg e| vhsdudwh sdudphwhuv/ dqg vhsdudwho| iurp surshuwlhv ri wkh udqnlqj
ri ghwhuplqlvwlf surfhvvhv164
Wkh deryh wkhruhp jhqhudol}hv lq d vwudljkwiruzdug zd| wr jhqhudo djjuhjdwruv dqg LLG
dpeljxlw|1
Wkhruhp 7171 Frqvlghu djjuhjdwruv s dqg sW dqg ohw X dqg XW fruuhvsrqg wr LLG dpeljxlw|
zlwk fruuhvsrqglqj vhwv g dqg gW dv ghvfulehg lq Vhfwlrq 6171 Wkhq=
+l, EsWcgW￿ lv pruh dpeljxlw| dyhuvh wkdq Escg￿ li
s ’ s
W dqg g
W ￿ g1 +7143,
Wkh frqyhuvh lv wuxh li gW￿ ’ ifj iru vrph ￿1
+ll, EsWcgW￿ lv pruh ulvn dyhuvh wkdq Escg￿ li
s
WESc￿E￿￿￿ ’ ￿
￿ E￿￿ sESc￿￿/ +7144,
iru vrph wudqvirupdwlrq ￿ zlwk ￿￿ : f dqg ￿￿￿ ￿ f> dqg
iru hdfk ￿/ g￿ ’ ifj lpsolhv gW￿ ’ ifj1
Wkh surri lv vlplodu wr wkdw ri wkh suhfhglqj wkhruhp/ zlwk uholdqfh dovr rq ^47/ Vhfwlrqv 616/
819‘ lq rughu wr ghdo zlwk +7144,1 Zh uhihu wkh uhdghu wr wkh mxvw flwhg sdshu iru fodul￿fdwlrq ri
+7144, dqg iru dq dowhuqdwlyh wr +7144, wkdw lv pruh lqwxlwlyh +exw wrr lqyroyhg wr lqfoxgh khuh,1
Zh phuho| qrwh wkdw wkh wudqvirupdwlrq lq +7144, lpsolhv wkdw T W ’ ￿ET ￿ zkhq uhvwulfwhg
wr ghwhuplqlvwlf frqvxpswlrq surfhvvhv1 Wkxv wkh| udqn vxfk surfhvvhv lghqwlfdoo|/ zklfk lv
d qhfhvvdu| frqglwlrq iru wkhlu ulvn dwwlwxghv wr eh frpsdudeoh1
63Zh frqwlqxh wr ljqruh wkh h{lvwhqfh dqg xqltxhqhvv lvvxhv iru wkh Nuhsv0Sruwhxv djjuhjdwru1
64Lw lv qrw srvvleoh wr fkdqjh wkh wzr irupv ri dyhuvlrq vlpxowdqhrxvo|/ ehfdxvh wkh fkdqjh iurp ￿ wr ￿￿
pdnhv dpeljxlw| dwwlwxghv qrqfrpsdudeoh1 Wklv sdudoohov wkh lqdelolw| zlwklq wkh Nuhsv0Sruwhxv ixqfwlrqdo
irup wr fkdqjh vlpxowdqhrxvo| wkh hodvwlflw| ri lqwhuwhpsrudo vxevwlwxwlrq +4 ￿ ￿,￿4 dqg wkh ghjuhh ri ulvn
dyhuvlrq> wkh fkdqjh iurp ￿ wr ￿￿ pdnhv ulvn dwwlwxghv qrqfrpsdudeoh1
58Wkh frqyhuvh lq +ll, lv qrw wuxh lq jhqhudo ehfdxvh ri wkh suhvxpswlrq lq +7144, wkdw wkh
ixqfwlrq ￿ uhodwlqj T W dqg T lv wzlfh gl￿huhqwldeoh1 Krzhyhu/ li zh uhvwulfw dwwhqwlrq wr wklv
fdvh dqg li g￿ ’ ifj iru vrph ￿/ lpso|lqj wkdw wkhuh lv vrph qrqwulyldo ulvn frpprq wr erwk
xwlolw| ixqfwlrqv/ wkhq T W pruh ulvn dyhuvh wkdq T grhv lpso| wkh frqglwlrqv vwdwhg lq wkh
wkhruhp1
Zh xvh wkh suhfhglqj wkhruhpv wr mxvwli| wkh lqwhusuhwdwlrq ri ydulrxv h{suhvvlrqv dv
fdswxulqj wkh h￿hfwv ri ulvn dyhuvlrq ru ri dpeljxlw| dyhuvlrq1 Dq h{dpsoh lv wkh orjqrupdo
frqvxpswlrq surfhvv ghvfulehg lq Vhfwlrq 617/ zkhuh zh vxjjhvwhg wkdw E￿ ￿ k￿rS ￿ rS*2
uhsuhvhqwv d suhplxp iru wkh ulvnlqhvv ri S dqg wkdw eErS￿ uhsuhvhqwv d suhplxp iru lwv
dpeljxlw|1 D odwhu h{dpsoh lv d ghfrpsrvlwlrq ri wkh htxlw| suhplxp +814<,1
7171 Dvshfwv ri wkh Whpsrudo Vwuxfwxuh ri Suhihuhqfh
Zkloh dq| vshfl￿fdwlrq iru X prghov dpeljxlw|/ lw lv ghvludeoh wr xqghuvwdqg suhflvho| zkdw
lw lv derxw wkh hqylurqphqw wkdw lv shufhlyhg dv dpeljxrxv ru xqdpeljxrxv1 Wklv vhfwlrq
surylghv dq dqvzhu iru X*v frqiruplqj wr LLG dpeljxlw|1 D udwlrqdoh iru wkh odwwhu whup lv
gholyhuhg dv d e|0surgxfw1
Zh ehjlq zlwk wkh iroorzlqj hohphqwdu| revhuydwlrq= Iru hdfk o lq dfcAo/
S
￿
| ’ S| rq doc Ao ￿ l’ , T|ES
￿￿’T|ES￿ rq docAo ￿l/ +7145,
frq￿uplqj wkdw ToES￿ ghshqgv rqo| rq wkh frqwlqxdwlrq ri S eh|rqg o/ wkdw lv/ rq oS ’
ES|￿o$|$A1 Lq sduwlfxodu/ dpeljxlw| grhv qrw lqwurgxfh ghshqghqfh rq wkh sdvw1
Z k h qz hz l v kw ry d u |w k ho h q j w kA ri wkh krul}rq dqg zdqw wr pdnh h{solflw wkh sduwlfxodu
krul}rq ehlqj glvfxvvhg/ zh zulwh T A
f E￿￿ iru wkh xwlolw| ixqfwlrq gh￿qhg dv lq Wkhruhp 5161
Wkhruhp 7181 Vxssrvh wkdw X lv jlyhq e| LLG dpeljxlw| +Vhfwlrq 617,1 Iru hdfk o lq dfcAo/
ohw Jo
| ’ jE‘r ￿ ‘o G | ￿ r ￿ o￿ iru | ￿ o dqg ’ i>clj rwkhuzlvh1
+d, Li S lv dgdswhg wr wkh ￿owudwlrq iJo
|j/ wkhq ET|ES￿￿ lv ghwhuplqlvwlf iru | ￿ o1
+e, Li S￿ ’ S rq dfco￿ ￿l/ dqg erwk surfhvvhv duh dgdswhg wr iJo














+f, Li S| lv jE‘|￿0phdvxudeoh iru hdfk | lq dfcAo/w k h qv rl vT|ES￿1
Iru lqwhusuhwdwlrq/ frqvlghu hdfk ri wkhvh vwdwhphqwv zkhq X’ifj dqg wkxv eholhiv
duh uhsuhvhqwhg e| wkh vlqjoh sulru ￿1 Vxssrvh dv lq +d, wkdw frqvxpswlrq lv ghwhuplqlvwlf
xqwlo wlph o dqg wkhuhdiwhu ghshqgv rqo| rq lqfuhphqwv ‘r ￿‘o1 Ehfdxvh E‘|￿ lv Eurzqldq
prwlrq uhodwlyh wr ￿/ vxfk lqfuhphqwv duh lqghshqghqw ri I| iru dq| |￿o 1 Wkxv wkh wlph |
frqglwlrqdo xwlolw| T|ES￿ lv ghwhuplqlvwlf xqwlo o1 Zh duh ohg wr lqwhusuhw +d, dv h{suhvvlqj d
irup ri lqghshqghqfh lq eholhiv derxw ixwxuh lqfuhphqwv hyhq zkhq X lv d qrqvlqjohwrq +exw
frqirupv wr wkh LLG vshfl￿fdwlrq,1
Sduw +e, lpsolhv wkdw fdohqgdu wlph pdwwhuv rqo| ehfdxvh lw lpsolhv d gl￿huhqw ohqjwk iru
wkh uhpdlqlqj krul}rq1 Xqghu ￿/ wklv lv gxh wr wkh vwdwlrqdulw| ri Eurzqldq prwlrq +wkh
59xqfrqglwlrqdo glvwulexwlrq ri ‘r￿‘o lv lghqwlfdo wr wkdw ri ‘r3o,1 Dffruglqjo|/ zh lqwhusuhw
+e, dv h{suhvvlqj d irup ri vwdwlrqdulw| lq eholhiv hyhq jlyhq LLG dpeljxlw|1
Ilqdoo|/ zlwk uhjdug wr +f,/ ohw ￿:| 1 Wkhq wkh Pdunry surshuw| ri Eurzqldq prwlrq
lpsolhv wkdw/ xqghu ￿/ wlph | frqglwlrqdo eholhiv derxw ‘￿ dqg khqfh dovr frqglwlrqdo xwlolw|
dw | ghshqg rqo| rq ‘|1 Sduw +f, dvvhuwv wkdw wklv Pdunry0w|sh surshuw| lv suhvhuyhg xqghu
LLG dpeljxlw|1
Lw phulwv hpskdvlv wkdw hdfk ri wkh surshuwlhv lq wkh wkhruhp kdv ehkdylrudo vljql￿fdqfh1
Wkh odwwhu lv h{solflw iru +e,1 Jlyhq wzr frqvxpswlrq surfhvvhv S￿ dqg S dv lq sduw +f,/
wkhlu frqglwlrqdo udqnlqj dw | ghshqgv rq wlph | lqirupdwlrq rqo| yld ‘|1 Vlploduo|/ iru wkh
vljql￿fdqfh ri +d,1
Lq vxppdu|/ wkh Wkhruhp jlyhv suhflvh phdqlqj wr wkh vwdwhphqw wkdw dq LLG vshfl￿fd0
wlrq iru X prghov wkh ghflvlrq0pdnhu dv ylhzlqj wkh gulylqj surfhvv E‘|￿ dv ￿Pdunry zlwk
lqghshqghqw dqg lghqwlfdo lqfuhphqwv￿1 Wklv ylhz lv prghohg dovr e| wkh vwdqgdug prgho
zlwk vlqjohwrq sulru ￿/ lq wkdw +d,0+f, duh ydolg dovr wkhq1 Wkh sulpdu| gl￿huhqfh lv wkdw lq
wkh vwdqgdug prgho exw qrw xqghu LLG dpeljxlw|/ wkh ghflvlrq0pdnhu ylhzv lqfuhphqwv dv
ehlqj qrupdoo| glvwulexwhg zlwk wkh idploldu phdqv dqg yduldqfhv1 Frpsohwh frq￿ghqfh lq
wklv dvshfw ri wkh hqylurqphqw lv uhod{hg yld LLG dpeljxlw|1
Lqfrpsohwh frq￿ghqfh lq wkh rwkhu dvshfwv qrwhg deryh fdq eh prghohg e| wkh pruh
jhqhudo vshfl￿fdwlrqv iru X wkdw duh shuplwwhg e| +518,/ wkdw lv/ e| uhod{lqj wkh dvvxpswlrq
pdgh lq wkh LLG prgho wkdw wkh fruuhvsrqghqfhv X| duh frqvwdqw1 Zh gr qrw hoderudwh
exw wkh jhqhudo srlqw phulwv hpskdvlv 0 rxu prgho shuplwv ghwhuplqdwlrq ri wkh ehkdylrudo
phdqlqj ri dowhuqdwlyh vshfl￿fdwlrqv iru X1
Wkh wkhruhp pd| eh looxvwudwhg dv iroorzv= Wdnh LLG dpeljxlw|/ wkh vlpsoh olqhdu djjuh0
jdwru zlwk }hur glvfrxqwlqj +sESc￿￿’S, dqg wkh frqvxpswlrq surfhvv
S| ’
+
@ ￿ E‘r ￿ ‘o￿ li | ￿ r
f li |￿r /
zkhuh o dqg r duh ￿{hg wlphv/ o￿r / @ 5 +_ dqg zkhuh zh doorz qhjdwlyh frqvxpswlrq ohyhov
iru wkh vdnh ri dq h{solflw vroxwlrq1 Wkhq ET|ES￿￿ vroyhv
_T|ES￿’d￿S| n eEj|￿o_| n j| ￿ _‘|cT AES￿’f 1
Wkh xqltxh vroxwlrq lv





@￿ E‘r ￿ ‘o￿EA ￿ |￿ li r ￿ | ￿ A
@ ￿ E‘| ￿ ‘o￿EA ￿ r￿ ￿ eE@￿Er ￿|￿/l i o ￿ |￿r
￿eE@￿Er ￿o￿/l i f ￿ |￿o 1
Lq sduwlfxodu/ zkhq o ’f /w k h q
T|ES￿’@ ￿ ‘| EA ￿r￿ ￿ eE@￿Er ￿ |￿/i r u |￿r /
looxvwudwlqj sduw +f, ri wkh wkhruhp1
5:7181 Vxshujudglhqwv
Wkh dvvhw sulflqj dssolfdwlrq wr iroorz pdnhv xvh ri wkh qrwlrq ri vxshujudglhqwv iru xwlolw|1
D vxshujudglhqw iru T dw wkh frqvxpswlrq surfhvv S lv d surfhvv EZ|￿ vdwlvi|lqj
T ES








iru doo S￿ lq (1 Ghqrwh e| YTES￿ wkh vhw ri vxshujudglhqwv dw S1
Ehfdxvh T lv d orzhu hqyhorsh ri VGX ixqfwlrqv T ’ +Wkhruhp 516+e,,/ zh fdq xvh d
vxlwdeoh hqyhorsh wkhruhp wr uhodwh YTES￿ wr vxshujudglhqwv ri iT ’ G ’ 5S Xj1I r u h d f k
VGX ixqfwlrq T ’/ wkh vhw ri vxshujudglhqwv pd| eh frpsohwho| fkdudfwhul}hg xqghu vxlwdeoh
dgglwlrqdo dvvxpswlrq +vhh ^49‘,1 Wkh dgghg dvvxpswlrq lv wkdw wkhuh h{lvwv &:f vxfk wkdw
t￿TEm sSE%c￿￿ mcm sE%cf￿ m￿ ￿&E￿n m % m￿/ iru doo E%c￿￿ 5 ￿ ￿+
￿1 +7148,





| 5 @h}4@ 
+MX|
+ ￿ j| doo |j/
iru dq| S 5 (/ zkhuh Ej|￿ lv wkh +xqltxh, yrodwlolw| ri xwlolw| gh￿qhg e| +5149,> uhfdoo +51:,1
Ohppd 7191 Vxssrvh wkdw s lv frqwlqxrxvo| gl￿huhqwldeoh dqg wkdw lw vdwlv￿hv +7148, dqg
wkh dvvxpswlrqv ri Wkhruhp 5161 Wkhq= +d,
YTES￿ ￿ ￿ ￿
￿
Z G <w










+e, Vxssrvh ixuwkhu wkdw T lv frqfdyh dqg wkdw S olhv lq wkh lqwhulru ri wkh grpdlq (1 Wkhq
YTES￿’￿ 1










wkh vhw ri vxshujudglhqwv iru wkh VGX ixqfwlrqv T ’W zkhuh ’W vdwlv￿hv +514:,1 Hylghqwo|/
YT ES￿ lv d qrqvlqjohwrq lq jhqhudo1 Iru h{dpsoh/ li S lv ghwhuplqlvwlf/ wkhq XS ’Xehfdxvh
wkh dssursuldwh j| ydqlvkhv1 Xqghu wkh frqglwlrqv lq +e,/ wkh frqwdlqphqw lq +7149, fdq eh
vwuhqjwkhqhg wr htxdolw|1 Wkh vfrsh ri +e, lv olplwhg/ krzhyhu/ e| wkh idfw wkdw wkh qrq0
qhjdwlyh ruwkdqw ri wkh Kloehuw vsdfh ri vtxduh lqwhjudeoh surfhvvhv kdv hpsw| lqwhulru1 Wkxv
wkh lqwhulrulw| dvvxpswlrq fdq eh vdwlv￿hg rqo| li T lv zhoo0gh￿qhg iru vrph surfhvvhv zkhuh
frqvxpswlrq pd| eh qhjdwlyh1 Zh lqfoxgh +e, lq rughu wr vkrz d vhqvh lq zklfk glyhujhqfh
ehwzhhq YTES￿ dqg ￿ fdq eh ylhzhg dv csdwkrorjlfdo*1 Lq wkh dvvhw sulflqj dssolfdwlrq wkdw




Wkhuh lv d uhsuhvhqwdwlyh djhqw zlwk uhfxuvlyh pxowlsoh0sulruv xwlolw|1 Rwkhuzlvh/ wkh hqylurq0
phqw lv vwdqgdug +vhh ^46‘ iru hoderudwlrq dqg vxssruwlqj whfkqlfdo ghwdlov,1 Wkhuh lv d vlqjoh
frqvxpswlrq jrrg/ d ulvnohvv dvvhw zlwk uhwxuq surfhvv o| dqg _ ulvn| vhfxulwlhv/ rqh iru hdfk
frpsrqhqw ri wkh Eurzqldq prwlrq ‘|1 Uhwxuqv -| wr wkh ulvn| vhfxulwlhv duh ghvfulehg e|
_-| ’ K| _| n r| _‘|/
zkhuh r| lv d _￿_ yrodwlolw| pdwul{1 Dvvxph wkdw pdunhwv duh frpsohwh lq wkh xvxdo vhqvh wkdw
r| lv lqyhuwleoh doprvw vxuho| iru hyhu| |1 Pdunhw frpsohwhqhvv gholyhuv d +vwulfwo| srvlwlyh,
vwdwh sulfh surfhvv Z|1O h w
￿_Z| *Z| ’ o| _| n #| ￿ _‘|/ Zf ’￿ / +814,
zkhuh #| ’ r
3￿
| EK| ￿o|￿￿ dqg lv w|slfdoo| uhihuuhg wr dv wkh pdunhw sulfh ri ulvn1 Zh uhihu wr
lw dv wkh pdunhw sulfh ri xqfhuwdlqw| wr uh hfw wkh idfw wkdw vhfxulw| uhwxuqv hperg| erwk
ulvn dqg dpeljxlw|1
Ghqrwh wlph | zhdowk e| f| dqg wkh wudglqj vwudwhj| e| ￿|/ zkhuh ￿
￿
| lv wkh sursruwlrq
ri zhdowk lqyhvwhg lq ulvn| vhfxulw| ￿1W k x v￿ ￿ ￿| ￿ ￿ htxdov wkh sursruwlrq lqyhvwhg lq wkh





| EK| ￿ o|￿￿of| ￿ S|
￿
_| n f| ￿
￿
| r| _‘|/ ff : f jlyhq1 +815,







Iluvw0rughu frqglwlrqv iru rswlpdo frqvxpswlrq fkrlfh duh h{suhvvhg lq wkh xvxdo zd| lq








| ’ sSESfcTf￿Z|/ iru doo |/ +817,
iru vrph surfhvv w
W lq XS/ zkhuh/ dv phqwlrqhg hduolhu/ zh duh uhvwulfwlqj dwwhqwlrq wr vxs0
sruwlqj vxshujudglhqwv lq wkh vhw ￿ gh￿qhg lq +7149,1 Wkh pxowlsoh0sulruv prgho lv uh hfwhg
lq wkh suhvhqfh ri wkh idfwru 5wW
| rq wkh ohiw vlgh> 5wW
| lv lghqwlfdoo| htxdo wr ￿ li eholhiv duh
uhsuhvhqwhg e| ￿1







￿ESf￿Z|/ iru doo |1 +818,
65Vhh ^49‘ +dqg dovr ^7;‘, iru ghwdlov uhjduglqj ￿uvw0rughu frqglwlrqv dqg wkhlu frqqhfwlrq wr vhfxulw| sulflqj1
5<D gl!fxow| lq ￿wwlqj djjuhjdwh wlph0vhulhv gdwd wr wklv uhodwlrq zkhq 5wW
| ’￿ /l vw k d ww k h
revhuyhg yrodwlolw| ri frqvxpswlrq lv wrr vpdoo uhodwlyh wr wkdw ri vwdwh sulfhv wr eh frqvlvwhqw
zlwk wklv htxdwlrq ^5<‘1 Wkh suhvhqfh ri wkh idfwru 5wW
| kdv wkh srwhqwldo wr lqfuhdvh wkh
yduldelolw| ri wkh ohiw vlgh dqg wkxv frph forvhu wr ￿wwlqj revhuyhg prphqwv1
Dowhuqdwlyho|/ zh frxog ylhz wkh whup 5wW












￿ESf￿ e Z| / +819,
zklfk frpsulvh wkh ￿uvw0rughu frqglwlrqv iru dq h{shfwhg dgglwlyh xwlolw| pd{lpl}hu/ exw rqh
zkr idfhv wkh ch￿hfwlyh* vwdwh sulfh surfhvv e Z|/ udwkhu wkdq wkh ruljlqdo rqh Z|1 Iru vrph
vshfl￿fdwlrqv/ e Z| lv ohvv yduldeoh wkdq Z|/ shuplwwlqj d forvhu ￿w wr d vprrwk frqvxpswlrq
surfhvv1
Lw lv frqyhqlhqw wr zulwh
_f|*f| ’ K
￿ _| n r
￿ ￿ _‘|c +81:,
zkhuh K￿ lv wkh phdq uhwxuq wr wkh pdunhw sruwirolr dqg r￿ lv lwv +uhodwlyh, yrodwlolw|1
8151 Dpeljxlw| dqg Ulvn Suhpld
Ohw wkh frqvxphu kdyh d Nuhsv0Sruwhxv djjuhjdwru +6149,/ zklfk d￿rugv d vlpsoh sdudphwulf
glvwlqfwlrq ehwzhhq wkh h￿hfwv ri lqwhuwhpsrudo vxevwlwxwlrq dqg ulvn dyhuvlrq166
Vxssrvh wkdw wkh rswlpdo frqvxpswlrq surfhvv vdwlv￿hv
_S|*S| ’ >
S
| _| n r
S
| ￿ _‘|1 +81;,
Iru wkh prvw sduw/ zh ylhz frqvxpswlrq dv d jlyhq hqgrzphqw dqg zh irfxv rq fkdudfwhul}lqj
wkh ulvn0iuhh udwh dqg pdunhw sulfh ri xqfhuwdlqw| wkdw vxssruw +lq wkh vhqvh ri vdwlvi|lqj +817,,
wkh hqgrzphqw dv dq rswlpxp ru uhsuhvhqwdwlyh0djhqw htxloleulxp1
Ohw w































66Wkhruhp 516 dqg Ohppd 719 gr qrw dsso| ehfdxvh/ iru h{dpsoh/ wkh Olsvfklw} frqglwlrq lv ylrodwhg1
Zh surfhhg dvvxplqj h{lvwhqfh ri dq rswlpxp dqg irfxv rq lwv fkdudfwhul}dwlrq1 Vfkurghu dqg Vnldgdv ^7;‘
surylgh frqglwlrqv iru h{lvwhqfh jlyhq d Nuhsv0Sruwhxv djjuhjdwru dqg qr dpeljxlw|1 Lw uhpdlqv wr eh vhhq
krz wkhlu dqdo|vlv pd| eh h{whqghg wr dffrpprgdwh dpeljxlw|1 Lq dgglwlrq/ wkh Nuhsv0Sruwhxv djjuhjdwru
lv frqfdyh lq +f>y, li dqg rqo| li ￿ ￿ ￿1 Krzhyhu/ Y lv frqfdyh dqg ￿uvw0rughu frqglwlrqv duh vx!flhqw iru
doo dgplvvleoh sdudphwhu ydoxhv1 Vfkurghu dqg Vnldgdv suryh wklv lq wkh devhqfh ri dpeljxlw|/ zkloh wkh
pxowlsoh0sulruv vwuxfwxuh cdggv frqfdylw|*1
D ￿qdo srlqw lv wkdw zh kdyh gh￿qhg wkh Nuhsv0Sruwhxv djjuhjdwru vr dv wr h{foxgh }hur ydoxhv iru ￿ ru ￿1
Krzhyhu/ lw fdq eh gh￿qhg iru wkrvh sdudphwhu ydoxhv lq wkh xvxdo olplwlqj idvklrq dqg vrph ri wkh uhvxowv
wr iroorz uhpdlq ydolg lq wkrvh fdvhv1
63E￿ ￿ 4￿r
S




nE #| ￿ w
W
|￿/ +8143,
zkhuh T| dqg j| duh wkh ohyho dqg yrodwlolw| ri xwlolw| dorqj wkh rswlpdo frqvxpswlrq surfhvv1
























Zh kdyh wkxv rewdlqhg wkh iroorzlqj prgho ri h{fhvv uhwxuqv=68
K| ￿o|￿ ’ r|#| ’ 4
3￿
k
kE￿ ￿ 4￿r| r
S







Wkh uljkw vlgh h{suhvvhv h{fhvv uhwxuqv dv wkh vxp ri d ulvn suhplxp +wkh ￿uvw whup, dqg wkh
dpeljxlw| suhplxp r| w
W
|1 Wkh ulvn suhplxp frqvlvwv ri wkh wzr0idfwru prgho ghulyhg lq ^59‘
dqg ^48‘/ dffruglqj wr zklfk v|vwhpdwlf ulvn ri dq dvvhw lv phdvxuhg e| d olqhdu frpelqdwlrq
ri lwv fryduldwlrq zlwk frqvxpswlrq jurzwk dqg zlwk wkh pdunhw uhwxuq1












iru hdfk vhfxulw| ￿ ’￿ c￿￿￿c￿/ zkhuh r￿
| ghqrwhv wkh lwk urz ri r| dqg 5wW
| lv dv lq +817,1 Wkxv
wkh suhplxp lv srvlwlyh li wkh dvvhw*v uhwxuq kdv qhjdwlyh lqvwdqwdqhrxv fryduldwlrq zlwk
_5wW
| *5wW
| 1 Uhfdoo iurp +517, wkdw 5wW
| ’ _’W
|*_￿/ zkhuh ’W
| lv wkh uhvwulfwlrq ri ’W ’ ’wW
wr
I|1
Dowhuqdwlyho|/ vrph lqvljkw lqwr wkh dpeljxlw| suhplxp lv surylghg e| dsso|lqj +8144,
















Wklv fkdudfwhul}dwlrq ri w
W
| lv qrw frpsohwho| vdwlvidfwru| ehfdxvh wkrxjk rS
| lv h{rjhqrxv lq
rxu hqgrzphqw hfrqrp| prgho/ wkh yrodwlolw| ri wkh pdunhw uhwxuq lv hqgrjhqrxv169 Wkxv
wkh qh{w vhfwlrq ghvfulehv dowhuqdwlyh fkdudfwhul}dwlrqv wkdw duh ydolg xqghu vxlwdeoh vshfldo0
l}dwlrqv ri wkh hqgrzphqw surfhvv dqg ri X1


















+￿￿￿,@￿/ zkhuh zh xvh wkh Nuhsv0Sruwhxv djjuhjdwru1 Jlyhq wkh odwwhu/ xwlolw| lv krprjhqhrxv
ri ghjuhh ￿/ wkdw lv/ Y +￿f, @ ￿
￿ Y +f, iru doo ￿A31 Wkhuhiruh/ e| d irup ri Hxohu*v Wkhruhp/ wkh OKV
deryh htxdov ￿Y31 Ghgxfh wkdw ￿Y3 @ +f
￿￿4
3 [3,￿@￿1 Lq wkh vdph zd|/ ￿Yw @ +f
￿￿4
w [w,￿@￿ iru doo w1 Qrz
dsso| Lwr*v Ohppd wr rewdlq wkh ghvluhg h{suhvvlrq iru wkh yrodwlolw| ri Yw1
68Zkhqhyhu zh uhihu wr ch{shfwhg uhwxuqv* ru rwkhu prphqwv/ wkh lqwhqwlrq lv h{shfwdwlrq zlwk uhvshfw wr
wkh uhihuhqfh phdvxuh S1 Zkhq pdnlqj frqqhfwlrqv wr gdwd/ dvvxph wkdw S lv wkh wuxh suredelolw| phdvxuh1
69D vlplodu fulwlflvp dssolhv wr wkh ulvn suhplxp lq +8145, li ￿ 9@ ￿1 Vhh ^9‘ dqg wkh uhihuhqfhv wkhuhlq iru
ixuwkhu glvfxvvlrq dqg iru sursrvhg vroxwlrqv lq ulvn0edvhg prghov1
64Ehiruh vshfldol}lqj ixuwkhu/ zh r￿hu d ￿qdo frpphqw rq wkh jhqhudo prgho +8145,1 Iurp
wkh Jluvdqry Wkhruhp/ zh fdq zulwh
_-| ’E K| ￿ r|w
W




| ￿ lv d Eurzqldq prwlrq uhodwlyh wr ’W1 Wkxv wkh dpeljxlw| suhplxp r|w
W
| lq
+8145, htxdov wkh dgmxvwphqw lq wkh guliw qhhghg zkhq ￿ lv uhsodfhg e| ’W1 P r u hw rw k h
srlqw/ rxu suhglfwlrq iru K| ￿ o|￿ lv lghqwlfdo wr wkdw rewdlqhg lq d prgho zkhuh wkh djhqw
lv lqgl￿huhqw wr dpeljxlw| dqg xvhv wkh cglvwruwhg* vlqjoh sulru ’W1 Wklv lv dq lqvwdqfh ri
wkh revhuydwlrqdo htxlydohqfh phqwlrqhg lq wkh lqwurgxfwlrq1 Rq wkh rwkhu kdqg/ zh zrxog
dujxh wkdw vshfli|lqj ’W dv d sulplwlyh lv olnho| wr vhhp frqwulyhg dqg ohvv qdwxudo wkdq wkh
vwru| surylghg khuh1 Rwkhu dgydqwdjhv ri rxu dssurdfk zhuh ghvfulehg lq Vhfwlrq 4161
8161 Vshfldo Frqvxpswlrq Surfhvvhv
Zh dvvxph LLG dpeljxlw| wkurxjkrxw dqg frqvlghu wkuhh dowhuqdwlyh vshfldol}dwlrqv ri wkh
hqgrzphqw surfhvv1
Pdunry frqvxpswlrq surfhvv= Dvvxph wkdw wkh guliw dqg yrodwlolw| lq +81;, duh ri wkh irup
>
S
| ’ e >ES|c|￿ dqg r
S
| ’ e rES|c|￿ +8147,
iru vxlwdeoh ixqfwlrqv e > dqg e r1 Wkhq/ xqghu vxlwdeoh uhvwulfwlrqv/ wkh fruuhvsrqglqj xwlolw|
surfhvv kdv wkh irup
T| ’ MES|c|￿/
iru vrph ixqfwlrq M16: Li M lv gl￿huhqwldeoh lq wkh frqvxpswlrq dujxphqw/ wkhq wkh yrodwlolw|
ri xwlolw| lv vlpso| j| ’ S| MSES|c|￿rS
|1 Lq sduwlfxodu/ li wkh qrwhg ghulydwlyh lv hyhu|zkhuh
srvlwlyh/ +lqwhuwhpsrudo xwlolw| lv dq lqfuhdvlqj ixqfwlrq ri fxuuhqw frqvxpswlrq,/ zh rewdlq
wkh iroorzlqj vlpsoh fkdudfwhul}dwlrq=
w
W









iru hdfk frpsrqhqw ￿ ’￿ c￿￿￿c_/ wkhq +61:, dqg +61;, gholyhu wkh forvhg0irup h{suhvvlrq
w
W
| ’ V ￿ r}?Er
S
|￿1 +8149,
6:D ghwdlohg ghulydwlrq frxog eh edvhg rq wkh 70vwhs surfhgxuh iurp ^69‘ dssolhg wr vroyh wkh IEVGH
frqvlvwlqj ri +5149,/ +81;, dqg +8147,1 Lqwxlwlyho|/ wkh srlqw lv vlpso| wkdw ehfdxvh ri LLG dpeljxlw| dqg wkh
Pdunry surshuw| iru frqvxpswlrq/ fxuuhqw frqvxpswlrq lv wkh rqo| vwdwh yduldeoh wkdw lv uhohydqw iru gh￿qlqj
wkh xwlolw| surfhvv iru +fw,1
65Wkh lpsolhg prgho ri phdq h{fhvv uhwxuqv lv jlyhq e| vxevwlwxwlrq lqwr +8145,1 Zh frxog
dovr xvh +81<, wr ghulyh wkh lpsolhg ulvn0iuhh udwh1 Vxfk d ghulydwlrq lv ghvfulehg iru wkh
iroorzlqj ixuwkhu vshfldol}dwlrq1
Jhrphwulf frqvxpswlrq surfhvv= Vxssrvh wkdw erwk >S
| dqg rS
| duh ghwhuplqlvwlf frqvwdqwv/






Frqvhtxhqwo|/ wkh pdunhw sulfh ri xqfhuwdlqw| vdwlv￿hv





Li +8148, dqg V0ljqrudqfh duh dvvxphg iru frqfuhwhqhvv/ wkhq wkh h{shfwhg h{fhvv uhwxuq
iru dvvhw ￿ htxdov
K
￿


















lv odujh dqg srvlwlyh iru frpsrqhqwv ￿ ri wkh gulylqj surfhvv ‘| wkdw duh yhu| dpeljxrxv lq
wkh vhqvh ri kdylqj odujh V￿1 Ehfdxvh wkh suhplxp ghshqgv rq wkh hqgrzphqw surfhvv rqo|
yld wkh vljqv ri r
Sc￿
| / ￿ ’￿ c￿￿￿c_/ odujh dpeljxlw| suhpld fdq rffxu hyhq li frqvxpswlrq lv
uhodwlyho| vprrwk1
Ri vshfldo lqwhuhvw lv wkh h{fhvv uhwxuq wr wkh pdunhw sruwirolr jlyhq e|
K
￿






| m / +814<,
surylglqj d ghfrpsrvlwlrq ri wkh htxlw| suhplxp lq whupv ri ulvn +wkh ￿uvw whup, dqg dpel0
jxlw| +wkh vhfrqg whup,16< Wkh dpeljxlw| suhplxp iru wkh pdunhw sruwirolr ydqlvkhv dv rS
dssurdfkhv }hur1 Krzhyhu/ ehfdxvh lw lv d ￿uvw0rughu ixqfwlrq ri yrodwlolw|/ lw grplqdwhv wkh
ulvn suhplxp iru vpdoo yrodwlolwlhv1



























| : f iru
frpsrqhqwv ￿ ri wkh Eurzqldq prwlrq iru zklfk V￿ lv odujh1 Krzhyhu/ xqolnh wkh fdvh iru wkh
ulvn suhplxp/ wkh dpeljxlw| suhplxp ghshqgv rqo| rq wkh vljq ri hdfk r
￿c￿
| dqg qrw rq lwv
pdjqlwxgh1
6;E| wkh krprjhqhlw| ri lqwhuwhpsrudo xwlolw|/ fw dqg zhdowk [w duh uhodwhg e| fw @ dw[w iru vrph
ghwhuplqlvwlf dw1 Wkh fodlp iroorzv e| Lwr*v Ohppd1
6<Pxfk ri zkdw kdv ehhq ghulyhg h{whqgv wr LLG dpeljxlw|/ lq zklfk fdvh wkh dpeljxlw| suhplxp rq wkh
uljkw vlgh ri +814<, lv jlyhq e| h+vf,1 Vhh Ohppd D15 iru dq lqwhusuhwdwlrq ri h+￿,1
66Wr vwxg| wkh uhodwlrq ehwzhhq wkh ulvn0iuhh udwh dqg wkh guliw lq frqvxpswlrq/ vxevwlwxwh














| ’E ￿ ￿ 4￿
3￿Eo| ￿ q￿1 +8153,
Xqghu V0ljqrudqfh/ zh rewdlq wkh iroorzlqj h{suhvvlrq iru wkh ulvn0iuhh udwh=
















zklfk lv ghfuhdvlqj lq ulvn dyhuvlrq E￿ ￿ k￿ dqg lq dpeljxlw| dyhuvlrq V1
Vwrfkdvwlf guliw dqg yrodwlolw|= Jhqhudol}h wkh Pdunry prgho e| shuplwwlqj pruh jhqhudo
vshfl￿fdwlrqv iru wkh vwrfkdvwlf qdwxuh ri wkh guliw dqg yrodwlolw| ri frqvxpswlrq jurzwk1
Vshfl￿fdoo|/ vxssrvh wkdw wkhuh h{lvwv dq +￿0ydoxhg vwdwh yduldeoh /| vxfk wkdw wkh mrlqw








| ES|c/|￿_| n r
/
| ES|c/|￿_‘|1
Wkh qhz wzlvw lq wklv prgho uhodwlyh wr wkh hduolhu rqh lv wkdw zh h{sorlw wkh dx{loldu| vwdwh
surfhvv E/|￿ lq rughu wr prgho d vlwxdwlrq lq zklfk wkhuh lv dpeljxlw| derxw wkh vwrfkdvwlf
hyroxwlrq ri wkh guliw dqg yrodwlolw| ri frqvxpswlrq jurzwk exw qrw derxw lwv frqglwlrqdo
glvwulexwlrq1 Irupdoo|/ xvh wkh V0ljqrudqfh vshfl￿fdwlrq iru X dqg dvvxph wkdw
V￿ r
Sc￿
| ’f /i r u ￿ ’￿ c￿￿￿c_1 +8155,
Wklv vxjjhvwv wkh ghfrpsrvlwlrq ‘| ’E ‘ S
| c‘/
| ￿ vxfk wkdw frqvxpswlrq jurzwk lv gulyhq
e| ‘ S
| / /| lv gulyhq e| erwk ‘ S
| dqg ‘ /
| dqg wkhuh lv dpeljxlw| rqo| derxw wkh odwwhu1
E| dujxphqwv vlplodu wr wkrvh rxwolqhg iru wkh Pdunry prgho/ rqh fdq mxvwli| wkh iroorzlqj
h{suhvvlrq iru wkh xwlolw| ri wkh hqgrzphqw surfhvv=
T| ’ MES|c/|c|￿/
iru d vxlwdeoh M1 Li wkh odwwhu lv gl￿huhqwldeoh/ Lwr*v Ohppd |lhogv





Dsso| +8155, wr ghgxfh wkdw
w| ￿ j| ’ w| ￿ EM/ES|c/|c|￿r
/
| ￿/ w 5 X1
Li vrph frpsrqhqwv ri M/r/
| duh }hur/ wkhq 4@ +MX| +￿j| kdv pdq| vroxwlrqv1 Irfxv rq wkdw
jlyhq e| +61;, dqg rq wkh fruuhvsrqglqj htxloleulxp1
67Wkh lpsolhg h{fhvv uhwxuqv duh rewdlqhg iurp wkh dssursuldwh irup ri +8145,1 Iru frqyh0
qlhqfh/ zh uhsurgxfh wkh uhvxow khuh lq wkh vshfldo fdvh k ’ 4=
K| ￿o|￿ ’E ￿￿ k￿r| r
S
| n r| dV ￿ r}?EM/ r
/
| ￿o1
Wkuhh ihdwxuhv ri wklv uhvxow duh qrwhzruwk|1 Iluvw/ lq wkh vwdqgdug h{shfwhg xwlolw| ulvn0edvhg
prgho/ phdq h{fhvv uhwxuqv dw dq| wlph dqg vwdwh ri wkh zruog ghshqg rq wkh hqgrzphqw
surfhvv rqo| yld lwv fxuuhqw yrodwlolw| dqg khqfh yld wkh dvvrfldwhg frqglwlrqdo glvwulexwlrq
ri frqvxpswlrq1 Lq frqwudvw/ dpeljxlw| dyhuvlrq ohdgv/ wkurxjk r/
| / wr d ghshqghqfh dovr rq
wkh lqvwdqwdqhrxv fkdqjh lq wkh frqglwlrqdo glvwulexwlrq ri frqvxpswlrq1
Vhfrqg/ revhuyh wkdw wkh dpeljxlw| suhplxp fdq eh odujh hyhq li r/
| lv vpdoo lq qrup1 Iru
h{dpsoh/ wdnh wkh fdvh zkhuh /| lv uhdo0ydoxhg dqg vxssrvh wkdw M/ lv hyhu|zkhuh srvlwlyh
+d joredoo| qhjdwlyh vljq zrxog gr dv zhoo,1 Wkhq wkh dpeljxlw| suhplxp iru wkh ￿wk dvvhw
htxdov r￿
| ￿ dV ￿ r}?Er/
| ￿o/ zklfk ghshqgv rq r/
| rqo| wkurxjk lwv vljq1
Ilqdoo|/ wkh dpeljxlw| suhplxp xqghujrhv glvfuhwh mxpsv dw srlqwv zkhuh frpsrqhqwv ri
M/r/
| fkdqjh vljq/ hyhq wkrxjk wkh vwrfkdvwlf hqylurqphqw lv Eurzqldq dqg khqfh frqwlqxrxv1
Iru h{dpsoh/ li ￿ ’￿dqg r/
| lv frqvwdqw/ wkhq w
W
| mxpsv zkhuhyhu M/ fkdqjhv vljq dqg udwhv
ri uhwxuq iroorz d wzr0vwdwh vzlwfklqj prgho173
8171 Rswlpdo Sruwirolr
Wxuq wr dq h{dplqdwlrq ri wkh rswlpdo sruwirolr iru d frqvxphu idflqj dq h{rjhqrxv dqg gh0
whuplqlvwlf ulvn0iuhh udwh dqg pdunhw sulfh ri xqfhuwdlqw|/ wdnhq iru vlpsolflw| wr eh frqvwdqwv1










Dvvxph wkdw dpeljxlw| dyhuvlrq lv vpdoo lq wkh vhqvh wkdw
f ￿ V￿ ￿m #
￿




| : E￿￿f li #
￿
| : E￿￿f/
lpso|lqj zlwk +8149, wkdw w
W
| ’ V ￿r}?E#|￿ dqg
E￿ ￿ k￿r
S
| ’ #| ￿ V ￿ r}?E#|￿1
Ilqdoo|/ lw iroorzv iurp +815, dqg +814:, wkdw wkh rswlpdo sruwirolr ri ulvn| dvvhwv lv jlyhq e|




3￿ E#| ￿ V ￿ r}?E#|￿￿1
Hylghqwo|/ wkh rswlpdo sruwirolr lv qrw lqvwdqwdqhrxvo| phdq0yduldqfh h!flhqw li ￿ lv xvhg
wr frpsxwh yduldqfh1 Rxu lqwhusuhwdwlrq lv wkdw wklv lv gxh wr dpeljxlw| ehlqj suhvhqw lq
73Wkxv idu zh kdyh ehhq xqdeoh wr ￿qg d sdudphwulf h{dpsoh zkhuh wklv hqgrjhqrxv uhjlph0vzlwfklqj fdq
eh ghprqvwudwhg lq forvhg0irup1
68dgglwlrq wr ulvn174 Wkh pxwxdo ixqg vhsdudwlrq surshuw| lv ydolg li dqg rqo| li V lv frpprq
wr doo djhqwv1 Wkrxjk wkh frpsrvlwlrq ri ulvn| dvvhwv lv lqghshqghqw ri wkh ulvn dyhuvlrq
sdudphwhu k/ lw ghshqgv rq suhihuhqfhv wkurxjk V1
D1 DSSHQGL[= EVGH*v dqg Uhodwhg Uhvxowv
Iru wkh frqyhqlhqfh ri wkh uhdghu/ wklv dsshqgl{ rxwolqhv lqirupdoo| vrph pdwhuldo uhjduglqj






xvhg wkurxjkrxw wkh sdshu lv dvvxphg1
Jlyhq 1 5 u2Elc8 Ac￿￿ dqg d ixqfwlrq } G+ ￿ ￿ +_ ￿ l ￿ dfcAo ￿$ +￿/ frqvlghu wkh
sureohp ri ￿qglqj surfhvvhv E+|￿ dqg Ej|￿ vdwlvi|lqj wkh EVGH
_+| ’ }E+|cj |c/c|￿_| n j| ￿ _‘|/ +A ’ 11+ D 1 4 ,
Wkh h{lvwhqfh ri d xqltxh vroxwlrq pd| eh suryhq xqghu Olsvfklw} dqg rwkhu whfkqlfdo frqgl0
wlrqv iru } ^4;/ Wkhruhp 514‘175 Rxu gh￿qlwlrq ri lqwhuwhpsrudo xwlolw| iru d jlyhq frqvxpswlrq
surfhvv S +Wkhruhp 516, ghdov zlwk wkh vshfldo fdvh
}E+cjc/c|￿’￿sES|E/￿c+￿ n 4@ 
wMX
w|E/￿ ￿ j1
Wkh iroorzlqj uhvxow ^4;/ Wkhruhp 515‘ zdv uhihuuhg wr lq wkh wh{w dqg lv xvhg lq wkh
vhtxho1
Wkhruhp D141 +Frpsdulvrq, Frqvlghu wkh EVGH deryh fruuhvsrqglqj wr E}c1￿ dqg wkdw
dvvrfldwhg zlwk dqrwkhu sdlu E}￿c1





￿ ￿ 1 dqg }
￿E+|cj |c/c|￿ ￿ }E+|cj|c/c|￿ _| ￿_￿ @￿e￿
Wkhq +￿
| ￿ +| iru doprvw hyhu| | 5 dfcAo1 Pruhryhu/ wkh frpsdulvrq lv vwulfw lq wkh vhqvh wkdw
li/ lq dgglwlrq/ +￿
￿ ’ +￿ rq wkh hyhqw ￿ 5I ￿/ wkhq 1
￿ ’ 1 rq ￿ dqg
}
￿E+|cj |c/c|￿’}E+|cj|c/c|￿ rq d￿cAo ￿ ￿_ | ￿ _￿ @￿e￿
74Dowhuqdwlyho|/ phdq0yduldqfh h!flhqf| lv rswlpdo li yduldqfh lv frpsxwhg xvlqj wkh dssursuldwh phdvxuh
T￿
￿
/ dv surylghg e| Wkhruhp 516+e,1 Krzhyhu/ T￿
￿
ghshqgv rq suhihuhqfhv wkurxjk ￿ dqg wkxv wkh phdqlqj
ri phdq0yduldqfh h!flhqf| lv lqglylgxdo vshfl￿f1
75Wkh dqdo|vlv lq ^4;‘ uholhv rq wkh suhglfwdelolw| ri +$>w, :￿$ j+|>￿>$>w,1 Lq rxu frqwh{w/ wklv zrxog
uhtxluh suhglfwdelolw| ri frqvxpswlrq surfhvvhv1 Krzhyhu/ wkh dujxphqwv lq ^76‘0 ^77‘ uho| rqo| rq surjuhvvlyh
phdvxudelolw| ri wkh deryh pds iru hdfk ￿{hg +|>￿,> uhfdoo wkdw zh kdyh dvvxphg surjuhvvlyh phdvxudelolw|
ri doo +lqfoxglqj frqvxpswlrq, surfhvvhv1 Wkxv wkh nh| h{lvwhqfh dqg frpsdulvrq wkhruhpv +vhh ehorz, duh
ydolg iru rxu vhwwlqj1
69D ixuwkhu vshfldol}dwlrq ri +D14, kdv s ￿ f/r u
_+| ’ d4@ 
wMX
w| ￿ j|o _| n j| ￿ _‘|/ +A ’ 11+ D 1 5 ,
Iru jlyhq X +vdwlvi|lqj rxu dvvxpswlrqv, dqg hdfk |/ wkh pds 1 :￿$ +| gh￿qhv d qrqolqhdu
ixqfwlrqdo iurp u2Elc8 Ac￿￿ lqwr I|0phdvxudeoh udqgrp yduldeohv1 Xvh wkh qrwdwlrq Hd1 m
I|oiru +|/ vxjjhvwlqj d irup ri qrqolqhdu frqglwlrqdo h{shfwdwlrq ^77‘1 Lq idfw/
Hd1 mI |o’ 4 ￿ ?
’M￿X .’d1 mI |o1
Hylghqwo|/ .d1 mI |o ￿H d1 mI |o lv d irup ri suhplxp gxh wr dpeljxlw|1
Ohppd D151 Frqvlghu d frqvxpswlrq surfhvv S vdwlvi|lqj
_S| ’ >
S
| _| n r
S
| ￿ _‘|/ f ￿ | ￿ A/ Sf jlyhq/ +D16,
zkhuh E>S
|￿ dqg ErS









zkhuh wkh olplw lv lq wkh vhqvh ri u2 ElcIAc￿￿1
Wkh ohppd surylghv wkh lqwhusuhwdwlrq iru eE￿￿ surplvhg dw wkh hqg ri Vhfwlrq 617 0 lw surylghv
dq lqvwdqwdqhrxv/ shu xqlw wlph suhplxp iru dpeljxlw|1
Surri1 Iru dq| f ￿ ￿ ￿ A/ wkhuh h{lvwv d xqltxh vroxwlrq EHdS￿ mI | ocj ￿
|￿ wr










￿ ￿ _‘￿/ f ￿ | ￿ ￿1+ D 1 7 ,
Iru | ’ o zh rewdlq/ xvlqj dovr +D16,/ wkdw














￿￿ ￿ _‘￿/ f ￿ o ￿ ￿1





































2 _￿ mI o
￿


































2 _￿ mI o
&
￿$
￿<on f lq u
￿ ElcIAc￿￿1
Ehfdxvh eE￿￿ lv Olsvfklw} frqwlqxrxv dqg ErS


























2 _￿ mI o
￿
’f












2 _￿ mI o
￿
’f

























Ilqdoo|/ vhw | ’ o lq +D17, dqg dsso| wkh frqglwlrqdo h{shfwdwlrq .d￿mI o o wr erwk vlghv
wr rewdlq
HdS￿ mI o o ￿.dS￿ mI o o
￿ ￿ o







zklfk frqyhujhv wr ￿eErS
o￿ lq u2 ElcIAc￿￿1
E1 DSSHQGL[= Ghqvlw| Jhqhudwruv dqg wkh Vhw ri Sulruv
Surri ri Ohppd 514= +e, Wkh surfhvv w
W lv gholyhuhg e| wkh Phdvxudeoh Pd{lpxp Wkhruhp
^5/ Wkhruhp 471<4‘/ zklfk hqvxuhv wkdw wkhuh h{lvwv d surjuhvvlyho| phdvxudeoh vhohfwlrq iurp
@h} 4@ +MX|E/￿ +￿j|E￿￿1 +Wr dsso| wkh Pd{lpxp Wkhruhp/ xvh wkh surjuhvvlyh j0￿hog ^78/ s1
77‘ rq dfcAo ￿ l1, Lw hqvxuhv dovr wkdw wkh ydoxh ixqfwlrq iru wkh odwwhu sureohp lv vxlwdeo|
phdvxudeoh1
+f, Vwrfkdvwlf frqyh{lw| lv reylrxv1 Zhdn frpsdfwqhvv iroorzv iurp ^4:/ Wkhruhpv LY1;1</
Y1914‘1
Surri ri Wkhruhp 515= +e, Il{ ￿ 5I A dqg ’w 5S X1 E| Jluvdqry*v Wkhruhp/ ’wE￿ m
I|￿’+|/ zkhuh E+|cj|￿ lv wkh xqltxh vroxwlrq wr
_+| ’ w| ￿ j| _| n j| ￿ _‘|/ +A ’￿ ￿1






zkhuh & lv lqghshqghqw ri w1 Wklv gholyhuv xqlirup devroxwh frqwlqxlw|1 Htxlydohqfh rewdlqv
ehfdxvh 5w
A : f iru hdfk w1
+f, Iru ￿ ’￿ c2/o h w’￿ eh wkh phdvxuh fruuhvsrqglqj wr w
￿ 5 X dqg wkh pduwlqjdoh 5￿
| dv lq




















zklfk lpsolhv wkdw E5￿
A n52
A￿*2 lv wkh ghqvlw| iru E’￿ n ’2￿*21 Frqfoxgh wkdw wkh odwwhu olhv
lq SX1 Vlploduo| iru rwkhu pl{wxuhv1
+g, Xvlqj wkh zhdn frpsdfwqhvv ri X +Ohppd 514,/ rqh fdq vkrz wkdw ~ ’ i5w
A G w 5 Xj lv
qrup0forvhg lq u￿ ElcIAc￿￿1 +Wkh dujxphqw lv dqdorjrxv wr wkh surri ri Ohppd E15 lq ^43‘1,






iru doo w1, Wkxv/ ~ lv zhdno| frpsdfw e| wkh Dodrjox Wkhruhp1 Ilqdoo|/ ~ lv krphrprusklf
wr SX zkhq zhdn wrsrorjlhv duh xvhg lq erwk fdvhv1
+h, Iroorzv iurp Ohppd 514+e,1
+i, Iru c￿*/ jlyhq ’ lq SX/o h w’￿ ’ ’ iru doo ￿1 Wxuq wr wkh qrqwulyldo gluhfwlrq c￿*1 Ohw w
￿





















A li | ￿ ￿c / 5 ￿
5A 52
| *52
A li | ￿ ￿c / * 5 ￿




























.d￿￿￿￿ 5￿EA￿ mI ￿o
.d5￿EA￿ mI ￿o
n 5￿







.d￿￿ 5EA￿ mI ￿o
.d5EA￿ mI ￿o
n￿ ￿S 5￿




. d.d￿￿5EA￿ mI ￿oo ’ .d￿￿5EA￿o/
zkhuh xvh kdv ehhq pdgh ri ￿ 5I ￿/ wkh pduwlqjdoh qdwxuh ri E5|￿ dqg wkh odz ri lwhudwhg
h{shfwdwlrqv1 Frqfoxgh wkdw 5A ’ 5w
A lv wkh ghqvlw| ri ’ dqg khqfh wkdw ’ 5S X1
6<F1 DSSHQGL[= Surri ri H{lvwhqfh ri Xwlolw|
Surri ri Wkhruhp 516= +d, Iluvw zh suryh Olsvfklw} frqwlqxlw| ri wkh vxssruw ixqfwlrq e
gh￿qhg lq +51;,1 Ohw % dqg %￿ eh lq +_ dqg vxssrvh wkdw e|E%￿’+￿% dqg e|E%￿￿’+￿ ￿% iru
+ dqg +￿ lq X|> wkh ghshqghqfh rq / kdv ehhq vxssuhvvhg qrwdwlrqdoo|1 Wkhq
e|E%￿ ￿ e|E%
￿￿ ￿ + ￿ E% ￿%
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Qrz xvh Xqlirup Erxqghgqhvv +X|E/￿ ￿ g dqg g frpsdfw1,





| ￿ wr +5149, dqg +5148, uhvshfwlyho|1
+e, Wkh Frpsdulvrq Wkhruhp dqg w| ￿ %| ￿ 4@ +MX| + ￿ %| iru dq| %|/ lpso| wkdw T| ￿
4￿?’M￿X T
’
| 1 Rq wkh rwkhu kdqg/ e| Ohppd 514+e,/ wkhuh h{lvwv w
W lq X vxfk wkdw
_T| ’ d￿sES|cT |￿nw
W
| ￿ j|o _| n j| _‘|/ TA ’f > +F14,
lq rwkhu zrugv/ T| ’ T
’wW
| ￿ 4￿?’M￿X T
’
| / surylqj htxdolw| dqg khqfh +5145,1 Xqltxhqhvv
lv fryhuhg e| wkh xqltxhqhvv uhvxowv lq ^77‘1
+f, Fdvh 4= Vxssrvh wkdw sESc￿￿ lv ghfuhdvlqj iru hdfk S lq ￿1
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73Iru jhqhudo ￿/ ghqrwh T￿ e| 11 Wkhq ET|cj |￿ lv wkh xqltxh vroxwlrq wr wkh EVGH +rq dfc￿o,
_T| ’
￿




_| n j| _‘|/ T￿ ’ 11
Wkh idfw wkdw wkh whuplqdo ydoxh 1 lv qrq}hur lv ri qr frqvhtxhqfh iru wkh suhfhglqj dujx0
phqwv1 Lq sduwlfxodu/ ET|￿ vroyhv




sESrcT r￿_r n 1 mI |
￿
1
Fdvh 5= Ohw s eh duelwudu|1 Iru wkh jlyhq surfhvv S/ gh￿qh
8E|c￿￿ ￿￿ g￿n e
g|sES|ce
3g|￿￿/
zkhuh g lv wkh Olsvfklw} frqvwdqw iru s1 Wkhq/ 8E|c￿￿ lv ghfuhdvlqj dqg wkxv e| Fodlp 4/













I r uw k l v￿ { h gET ￿
|￿/ gh￿qh ixuwkhu wkh ixqfwlrq





Djdlq e| Fodlp 4/ wkhuh h{lvwv d xqltxh ET |￿ vroylqj







Frpsdulvrq ri +F15, dqg +F16, dqg wkh xqltxhqhvv ri vroxwlrqv |lhog wkh htxdolw|
T
￿
| ’ T |1 +F17,
Ixuwkhupruh/ e| +e,/ zh kdyh
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lpso|lqj wkdw T| ’ T ￿
|e3g| vroyhv





Vlploduo| iru ￿￿A 1
74G1 DSSHQGL[= Dpeljxlw|
Surri ri Ohppd 715= Dvvxph +718,1 Jlyhq ’w lq SX/ ’wE8￿’+f zkhuh E+|cj |￿ lv wkh
xqltxh iI|j0dgdswhg vroxwlrq wr wkh EVGH
_+| ’ w| ￿ j| _| n j| ￿ _‘|/ +A ’￿ 81
Li 8 5I A /w k h qj￿
| ’fli ￿E8 mI ￿
A￿’fru ￿1W k x vw| ￿ j| ’fdqg wkh EVGH uhgxfhv wr
wkh rqh gh￿qlqj ￿E8￿/ qdpho| zkhuh w ’f 1 Wkhuhiruh/ ’E8￿’￿E8￿1
Iru wkh frqyhuvh/ vxssrvh wkdw doo phdvxuhv djuhh rq 81 Wkhq +f ’ +￿
f/ zkhuh
_+| ’ 4@ 
wMX
w| ￿ j| _| n j| ￿ _‘|/ +A ’￿ 81
_+
￿




| _| n j
￿
| ￿ _‘|/ +A ’￿ 81
E| wkh vwulfw sruwlrq ri wkh Frpsdulvrq Wkhruhp D14/
4@ 
wMX





ru/ lq whupv ri wkh vxssruw ixqfwlrq +6143,/ eEj|￿’￿eE￿j|￿1E| wkh qrq0qhjdwlylw| ri e/
eEj|￿’f 1 Qrz dsso| +6146, wr frqfoxgh wkdw li g￿ 9’ ifj/ wkhq j￿
| ’f / zklfk lpsolhv
￿E8 mI ￿
A￿’fru ￿1
Surri ri Wkhruhp 716=+l, +’= Ehfdxvh VW
￿ ’flpsolhv V￿ ’f / lw iroorzv iurp Ohppd 715
wkdw XW ￿X 1 Wkh frqvxpswlrq surfhvvhv wkdw duh xqdpeljxrxv iru T W duh wkrvh wkdw duh
dgdswhg wr wkh ￿owudwlrq jhqhudwhg e| i‘ ￿
| G VW
￿ ’f j1 Rq vxfk surfhvvhv/ T dqg T W frlqflgh







Wkhuhiruh/ lw lv hqrxjk wr suryh wkdw T WES￿ ￿ T ES￿ iru doo frqvxpswlrq surfhvvhv S1 Wklv
iroorzv iurp VW ￿ V/ +61<, dqg wkh Frpsdulvrq Wkhruhp D141
’,= Wkh deryh dujxphqw lv uhyhuvleoh1 Iluvw/ XW ￿Xlpsolhv wkdw V￿ ’fzkhqhyhu VW
￿ ’f 1
Iurp wkh gh￿qlwlrq ri cpruh dpeljxlw| dyhuvh* lw iroorzv wkdw T dqg T W djuhh lq wkh udqnlqj
ri T W0xqdpeljxrxv frqvxpswlrq surfhvvhv1 Wkhvh surfhvvhv duh ghwhuplqlvwlf li VW :: f/
lq zklfk fdvh zh fdq frqfoxgh rqo| wkdw T dqg T W djuhh lq wkh udqnlqj ri ghwhuplqlvwlf
surfhvvhv dqg wkhuhiruh wkdw Eq
Wc4W￿’Eqc4￿1 Krzhyhu/ xqghu wkh dvvxpswlrq wkdw VW
￿ ’f
iru vrph ￿/ wkhuh h{lvw vx!flhqwo| pdq| vwrfkdvwlf surfhvvhv wkdw duh T W0xqdpeljxrxv lq
rughu wr frqfoxgh wkdw wkh ulvn dyhuvlrq sdudphwhuv k dqg kW pxvw eh htxdo1 Ilqdoo|/ dsso|
+71:,/ +61<, dqg wkh Frpsdulvrq Wkhruhp wr ghgxfh wkdw VW ￿ V1
+ll, +’= Lw iroorzv iurp Ohppd 715/ wkdw rq T 0xqdpeljxrxv surfhvvhv/ T W djuhhv zlwk
T ￿cEqWc4WckW￿/ wkh Nuhsv0Sruwhxv xwlolw| zlwk phdvxuh ￿ dqg sdudphwhuv Eq
Wc4 WckW￿/ zkloh T
djuhhv zlwk T ￿cEqc4ck￿/ gh￿qhg vlploduo|1 Wkxv wkh frpsdudwlyh ulvn dyhuvlrq vwdwhphqw iroorzv
iurp ^47‘1 Wkh frqyhuvh lv vlplodu wr +l,1
75H1 DSSHQGL[= Surriv ri Surshuwlhv ri Xwlolw|
Surri ri Wkhruhp 714=I l {| lq dfcAo dqg frqvlghu surfhvvhv S ri wkh irup +618, zkhuh 1
lv -￿
n0ydoxhg1 Ghqrwh e| (| wkh vhw ri doo vxfk dfwv1 Fohduo| (| ￿ (| dqg lv lvrprusklf wr
wkh vhw ri doo -￿
n0ydoxhg dqg I|0phdvxudeoh vtxduh lqwhjudeoh udqgrp yduldeohv rq l1 Wkh
uhvwulfwlrq ri T wr (| lv suredelolvwlfdoo| vrsklvwlfdwhg +lq wkh vhqvh ri ^6:‘, dqg wkh dvvrfldwhg
suredelolw| phdvxuh lv qrqdwrplf1 Ilqdoo|/ ehfdxvh ri +714,/ doo phdvxuhv lq SX d j u h hr qd q
hyhqw ￿ lq I| zlwk frpprq phdvxuh lq Efc￿￿> lqghhg/ dq| ￿ lq I￿
| zlwk f ￿￿ E￿￿ ￿ ￿ zloo
gr1 Xqghu wkhvh frqglwlrqv/ Pdulqdffl ^73‘ vkrzv wkdw doo phdvxuhv lq SX djuhh rq doo ri I|1
Wklv dujxphqw dssolhv iru hyhu| | ￿ A1
Surri ri Wkhruhp 718=
+d, dqg +e,= Wr pdnh h{solflw wkh ghshqghqfh rq wkh gulylqj surfhvv E‘|￿/ zulwh T A
| ESc‘￿








r ESc‘￿￿ ￿ eEjrES￿￿o_r ￿
] A
|
jrES￿ ￿ _‘r1 +H14,
Ohw I| ’ jE‘rno ￿ ‘o G r ￿ |￿ dqg ‘| ’ ‘|no￿‘o iru f ￿ | ￿ A￿o1 Wkhq E‘ |￿f$|$A3o
lv iI|j0Eurzqldq prwlrq xqghu ￿ dqg ES|￿f$|$A3o ’ ES|no￿f$|$A3o lv iI|j0dgdswhg1 Wkxv










r ESc‘￿￿ ￿ eEjrES￿￿o_r ￿
] A3o
|
jrES￿ ￿ _‘ r/ +H15,
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] A3o
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jrES￿ ￿ _‘ r/ +H16,








￿3o ESc‘￿￿ ￿ eEj￿3oES￿￿o_￿ ￿
] A
,
j￿3oES￿ ￿ _‘ ￿3o1
Ehfdxvh S￿3o ’ S￿ dqg _‘ ￿3o ’ _‘￿/ ghgxfh wkdw ET
A3o
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76iru f ￿ | ￿ o1 E| k|srwkhvlv/ S| lv ghwhuplqlvwlf iru f ￿ | ￿ o1 E| wkh xqlflw| ri vroxwlrqv
dqg wkh idfw wkdw T A
o ESc‘￿ lv ghwhuplqlvwlf/ lw iroorzv wkdw ET A












iru f ￿ | ￿ o/ surylqj +d,1 Ehfdxvh d fruuhvsrqglqj uhsuhvhqwdwlrq lv ydolg iru S￿/ +e, iroorzv
e| wkh Frpsdulvrq Wkhruhp +uhvwulfwhg wr RGHv,1
+f, Ohw o 5 dfcAo dqg dgrsw wkh rwkhu qrwdwlrq deryh1 Wkhq E‘ |￿f$|$A3o lv iI|jf$|$A3o0
Eurzqldq prwlrq xqghu ￿E￿mjE‘o￿￿1 Ehfdxvh S| lv jE‘|￿0phdvxudeoh/ S| ’ }E‘|￿ iru d
vxlwdeoh ixqfwlrq } dqg wkxv S|no ’ }E‘|no ￿ ‘o n ‘o￿ lv I|0phdvxudeoh uhodwlyh wr wkh
suredelolw| vsdfh ElcIA3ociI|jc￿E￿mjE‘o￿￿1 E| dujxlqj dv deryh/ zh fdq vkrz wkdw ToES￿
lv ghwhuplqlvwlf uhodwlyh wr wklv suredelolw| vsdfh/ lpso|lqj wkdw lw lv jE‘o￿0phdvxudeoh1
Surri ri Ohppd 719= +d, Wkhruhp 516+e, gholyhuv ’W lq SX vxfk wkdw T|ES￿’ T ’W
ES￿1
Wkhuhiruh/ iru dq| rwkhu S￿/
T ES










































Wkh vhfrqg lqhtxdolw| lv gxh wr wkh qdwxuh ri vxshujudglhqwv iru wkh vwrfkdvwlf gl￿huhqwldo
xwlolw| ixqfwlrq T ’WE￿￿/ dv hvwdeolvkhg lq ^49‘1
+e,= Wkh dujxphqw lv yluwxdoo| lghqwlfdo wr wkh surri ri ^57/ Ohppd 515‘1
Uhihuhqfhv
^4‘ D1 Deho/ Dq h{sorudwlrq ri wkh h￿hfwv ri shvvlplvp dqg grxew rq dvvhw uhwxuqv/ +4<<:,/
plphr1
^5‘ F1 Dolsudqwlv dqg N1 Erughu/ Lq￿qlwh Glphqvlrqdo Dqdo|vlv/ Vsulqjhu Yhuodj/ 4<<71
^6‘ H1 Dqghuvrq/ O1S1 Kdqvhq dqg W1M1 Vdujhqw/ Urexvwqhvv/ ghwhfwlrq dqg wkh sulfh ri ulvn/
+5333,/ plphr1
^7‘ S1 Euldqg/ I1 Frtxhw/ \1 Kx/ M1 Phplq dqg V1 Shqj/ D frqyhuvh frpsdulvrq wkhruhp
iru EVGH*v dqg uhodwhg surshuwlhv ri j0h{shfwdwlrq/ Suhs1 <<043/ Lqvw1 gh Uhfkhufkh
Pdwkhpdwltxh/ X1 Uhqqhv/ 4<<<1
^8‘ P1 Fdjhwwl/ O1 Kdqvhq/ W1 Vdujhqw dqg Q1 Zlooldpv/ Urexvwqhvv dqg sulflqj zkhq
jurzwk lv klgghq/ +5333,/ plphr1
77^9‘ M1 Fdpsehoo/ Dvvhw sulfhv/ frqvxpswlrq dqg wkh exvlqhvv f|foh/ +4<<;,/ QEHU 97;81
^:‘ U1 Fdvdghvxv0Pdvdqhoo/ S1 Noledqr￿ dqg H1 R}ghqruhq/ Pd{plq h{shfwhg xwlolw| ryhu
Vdydjh dfwv zlwk d vhw ri sulruv/ M1 Hfrq1 Wkhru| <5 +5333,/ 680981
^;‘ V1 Fhffkhwwl/ S1 Odp dqg Q1 Pdun/ Dvvhw sulflqj zlwk glvwruwhg eholhiv= duh htxlw|
uhwxuqv wrr jrrg wr eh wuxhB +4<<;,/ plphr1
^<‘ ]1 Fkhq/ H{lvwhqfh dqg xqltxhqhvv iru EVGH zlwk vwrsslqj wlph/ Fklqhvh Vflhqfh
Exoohwlq 76 +4<<;,/ <90<<1
^43‘ G1 Fxrfr dqg M1 Fylwdqlf/ Rswlpdo frqvxpswlrq fkrlfhv iru d codujh* lqyhvwru/ M1 Hfrq1
G|qdplfv dqg Frqwuro 55 +4<<9,/ 73407691
^44‘ F1 Ghoodfkhulh/ Vxu o*h{lvwhqfh gh fhuwdlqv hvvlqi hw hvvxs gh idploohv gh surfhvvxv
phvxudeohv/ Vhp1 Surede1 [LL/ Ohfwxuh Qrwhv lq Pdwk1 yro 97</ Vsulqjhu Yhuodj/ 4<::1
^45‘ G1 Gx!h/ Vhfxulw| Pdunhwv/ Dfdghplf Suhvv/ 4<;;1
^46‘ G1 Gx!h/ G|qdplf Dvvhw Sulflqj Wkhru|/ 5qg hg1/ Sulqfhwrq X1 Suhvv/ 4<<91
^47‘ G1 Gx!h dqg O1 Hsvwhlq/ Vwrfkdvwlf gl￿huhqwldo xwlolw|/ Hfrqrphwulfd 93 +4<<5,/ 68606<7
+Dsshqgl{ F zlwk F1 Vnldgdv,1
^48‘ G1 Gx!h dqg O1 Hsvwhlq/ Dvvhw sulflqj zlwk vwrfkdvwlf gl￿huhqwldo xwlolw|/ Uhy1 Ilqdq1
Vwxglhv 8 +4<<5,/ 74407691
^49‘ G1 Gx!h dqg F1 Vnldgdv/ Frqwlqxrxv0wlph vhfxulw| sulflqj= d xwlolw| judglhqw dssurdfk/
M1 Pdwk1 Hfrq1 56 +4<<7,/ 43:04641
^4:‘ Q1 Gxqirug dqg M1W1 Vfkzduw}/ Olqhdu Rshudwruv Sduw L= Jhqhudo Wkhru|/ Zloh|/ 4<8;1
^4;‘ Q1 Ho Ndurxl/ V1 Shqj dqg P1 Txhqh}/ Edfnzdug vwrfkdvwlf gl￿huhqwldo htxdwlrqv lq
￿qdqfh/ Pdwk1 Ilq1 : +4<<:,/ 40:41
^4<‘ O1J1 Hsvwhlq/ D gh￿qlwlrq ri xqfhuwdlqw| dyhuvlrq/ Uhy1 Hfrq1 Vwxg1 99 +4<<<,/ 8:<093;1
^53‘ O1J1 Hsvwhlq/ Wkh joredo vwdelolw| ri h!flhqw lqwhuwhpsrudo doorfdwlrqv/ Hfrqrphwulfd
88 +4<;:,/ 65<068;1
^54‘ O1J1 Hsvwhlq dqg M1 Pldr/ D wzr0shuvrq g|qdplf htxloleulxp xqghu dpeljxlw|/ +5333,/
plphr/ kwws=22zzz1hfrq1urfkhvwhu1hgx2Idfxow|2Hsvwhlq1kwpo1
^55‘ O1J1 Hsvwhlq dqg Z1 Sorehujhu/ Dpeljxrxv Eurzqldq prwlrq/ lq surjuhvv1
^56‘ O1J1 Hsvwhlq dqg W1 Zdqj/ Lqwhuwhpsrudo dvvhw sulflqj xqghu Nqljkwldq xqfhuwdlqw|/
Hfrqrphwulfd 95 +4<<7,/ 5;606551
78^57‘ O1J1 Hsvwhlq dqg W1 Zdqj/ Xqfhuwdlqw|/ ulvn0qhxwudo phdvxuhv dqg vhfxulw| sulfh errpv
dqg fudvkhv/ M1 Hfrq1 Wkhru| 9: +4<<8,/ 730;31
^58‘ O1J1 Hsvwhlq dqg M1 ]kdqj/ Vxemhfwlyh suredelolwlhv rq vxemhfwlyho| xqdpeljxrxv hyhqwv/
plphr/ Hfrqrphwulfd/ iruwkfrplqj1
^59‘ O1J1 Hsvwhlq dqg V1 ]lq/ Vxevwlwxwlrq/ ulvn dyhuvlrq dqg wkh whpsrudo ehkdylru ri frq0
vxpswlrq dqg dvvhw uhwxuqv= d wkhruhwlfdo iudphzrun/ Hfrqrphwulfd 8: +4<;<,/ <6:0<9<1
^5:‘ S1 Jkludugdwr dqg P1 Pdulqdffl/ Dpeljxlw| pdgh suhflvh= d frpsdudwlyh irxqgdwlrq/
Fdo Whfk &4359/ 4<<<1
^5;‘ L1 Jloerd dqg G1 Vfkphlgohu/ Pd{plq h{shfwhg xwlolw| zlwk qrqxqltxh sulru/ M1 Pdwk1
Hfrq1 4;/ +4<;<,/ 47404861
^5<‘ O1 Kdqvhq dqg U1 Mdjdqqdwkdq/ Lpsolfdwlrqv ri vhfxulw| pdunhw gdwd iru prghov ri
g|qdplf hfrqrplhv/ M1 Sro1 Hfrq1 << +4<<4,/ 55805951
^63‘ O1 Kdqvhq dqg W1 Vdujhqw/ Zdqwlqj urexvwqhvv lq pdfurhfrqrplfv/ +5333,/ plphr1
^64‘ O1 Kdqvhq/ W1 Vdujhqw dqg W1 Wdooldulql/ Urexvw shupdqhqw lqfrph dqg sulflqj/ Uhy1
Hf1 Vwxg1 99 +4<<<,/ ;:60<3:1
^65‘ L1 Ndudw}dv dqg H1 Vkuhyh/ Eurzqldq Prwlrq dqg Vwrfkdvwlf Fdofxoxv/ Vsulqjhu0Yhuodj/
4<;;1
^66‘ M1P1 Nh|qhv/ D Wuhdwlvh rq Suredelolw|/ Pdfploodq/ 4<541
^67‘ I1K1 Nqljkw/ Ulvn/ Xqfhuwdlqw| dqg Sur￿w/ Krxjkwrq Pl"lq/ 4<541
^68‘ M1S1 Ohshowlhu dqg M1V1 Pduwlq/ Edfnzdug vwrfkdvwlf gl￿huhqwldo htxdwlrqv zlwk frqwlq0
xrxv frh!flhqwv/ Vwdw1 Sure1 Ohww1 65 +4<<:,/ 75807631
^69‘ M1 Pd/ S1 Surwwhu dqg M1 \rqj/ Vroylqj iruzdug0edfnzdug vwrfkdvwlf gl￿huhqwldo htxd0
wlrqv h{solflwo| 0 d irxu vwhs vfkhph/ Sure1 Wk1 ) Uho1 Ilhogv <; +4<<7,/ 66<068<1
^6:‘ P1 Pdfklqd dqg G1 Vfkphlgohu/ D pruh urexvw gh￿qlwlrq ri vxemhfwlyh suredelolw|/
Hfrqrphwulfd 93 +4<<5,/ :780:;31
^6;‘ P1 Pdulqdffl/ Olplw odzv iru qrq0dgglwlyh suredelolwlhv dqg wkhlu iuhtxhqwlvw lqwhusuh0
wdwlrq/ M1 Hfrq1 Wkhru| ;7 +4<<<,/ 47804<81
^6<‘ P1 Pdulqdffl/ Prqrwrqh frqwlqxrxv pxowlsoh sulruv/ +4<<;,/ plphr1
^73‘ P1 Pdulqdffl/ Suredelolvwlf vrsklvwlfdwlrq dqg pxowlsoh sulruv/ +4<<<,/ plphr1
^74‘ U1 Phkud dqg H1 F1 Suhvfrww/ Wkh htxlw| suhplxp= d sx}}oh/ M1 Prqhw1 Hfrq1 48 +4<;8,/
47804941
79^75‘ H/ Sdugrx{/ Jhqhudol}hg glvfrqwlqxrxv EVGH*v/ lq Edfnzdug Vwrfkdvwlf Gl￿huhqwldo
Htxdwlrqv/ Q1 Ho Ndurxl dqg O1 Pd}oldn hgv1/ Slwpdq Uhvhdufk Qrwhv lq Pdwkhpdwlfv
697 +4<<:,/ 53:054<1
^76‘ H1 Sdugrx{ dqg V1 Shqj/ Dgdswhg vroxwlrq ri d edfnzdug vwrfkdvwlf gl￿huhqwldo htxdwlrq/
V|vwhpv Frqwuro Ohww1 47 +4<<3,/ 880941
^77‘ V1 Shqj/ EVGH dqg uhodwhg }￿h{shfwdwlrq/ lq Edfnzdug Vwrfkdvwlf Gl￿huhqwldo Htxd0
wlrqv/ Q1 Ho Ndurxl dqg O1 Pd}oldn hgv1/ Slwpdq Uhvhdufk Qrwhv lq Pdwkhpdwlfv 697
+4<<:,/ 474048<1
^78‘ G1 Uhyx} dqg P1 \ru/ Frqwlqxrxv Pduwlqjdohv dqg Eurzqldq Prwlrq/ Vsulqjhu/ 4<<<1
^79‘ U1W1 Urfndihoohu/ Frqyh{ Dqdo|vlv/ Sulqfhwrq X1 Suhvv/ 4<:31
^7:‘ G1 Vfkphlgohu/ Vxemhfwlyh suredelolw| dqg h{shfwhg xwlolw| zlwkrxw dgglwlylw|/ Hfrqr0
phwulfd 8: +4<;<,/ 8:408;:1
^7;‘ P1 Vfkurghu dqg F1 Vnldgdv/ Rswlpdo frqvxpswlrq dqg sruwirolr vhohfwlrq zlwk vwrfkdv0
wlf gl￿huhqwldo xwlolw|/ M1 Hfrq1 Wkhru| ;< +4<<<,/ 9;04591
7: